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SUBSTITUTION-LIKE MINIMAL SETS 

BY 

N E L S O N  G. M A R K L E Y '  

ABSTRACT 

Substitution-like minimal sets  are a class of  symbolic  minimal sets  on two 
symbols  which includes the discrete subst i tut ion minimal sets  on two symbols .  
They  are a lmost  automorphic  ex tens ions  of the n-adic integers and they are 
cons t ruc ted  by using special subsets  of  the n-adics  f rom which the a lmost  
automorphic  points  are determined by following orbits in the n-adics.  Through  
their s tudy a complete  classification is obtained for subst i tut ion minimal sets  
of cons tant  length on two symbols .  Moreover,  the classification scheme  is such  
that for specific subst i tut ions the exis tence or non-exis tence of an isomorph-  
ism can be determined in a finite number  of  steps.  

One natural way to construct  symbolic minimal sets is to look for recursive 

processes which generate almost periodic sequences. This is how Morse 

constructed the sequence which now bears his name (see [i 1, pp. 95-96]). He 

was aware of the fact that his sequence was invariant under a substitution, and 

in Oldenburger 's  notes it is defined using the usual substitution [12, p. 24]. 

However ,  Gottschalk was the first to systematically study substitutions as a 

recursive method for constructing almost periodic sequences. The ideas which 

he developed in "Substi tution minimal sets" [4] are already apparent  in a 

slightly earlier paper of his [3]. Since then a number of people have contributed 

to the theory of substitution minimal sets including Keynes  [6], Coven [1,2], 

Keane [2], Klein [7], and Martin [9, 10]. 

The idea behind our work was to see if we could obtain some new results 

about almost automorphic substitution minimal sets by using the characteristic 

sequence point of view which allows the study of all of the almost automorphic 

sequences in a symbolic minimal set simultaneously [8, sect. 1]. If A is a subset 

of the group of n-adic integers, denoted by Z(n) ,  then we consider sequences 

of the form x(k)  = XA(z + k i )  where XA is the characteristic function of A, i is 

the canonical generator of Z(n) ,  k is an integer, and z is a fixed element of 

Z(n).  By imposing certain recursive properties on A we obtain sequences 

whose orbit closures have substitution-like properties.  In other words, we are 
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constructing almost  periodic sequences which are indirectly defined by a 

recursive process.  The central port ion of this paper  is devoted to the study of 

these substitution-like minimal sets. 

In the last section we obtain two new results about substitution minimal sets 

on two symbols .  First, most  of them are prime extensions of their maximal 

equicontinuous factor;  i.e., all their factors  are equicontinuous.  The except ions 

to this have at most  one non-equicontinuous factor.  Second, two such 

substitutions 0 and ~b of length n and m which are in normal form in the sense 

of  Coven and Keane produce isomorphic minimal sets if and only if there exist 

posit ive integers p and q such that n" -- m q and 0 p = ~q. This is an extension 

of the classification theorem given by Coven and Keane [2], and in the course 

of proving our result we give a new proof  of their theorem. 

Although our work partially supersedes the work of Coven and Keane,  we 

are indebted to them for  many  valuable clues. We also wish to thank E. Coven 

and M. Paul for  helpful conversa t ions  while this work was in progress.  

Introduction 

Let  12 -- {0, 1} z with the product  topology where Z denotes the integers. We 

denote the nth  coordinate of  x E f l  by x(n) ,  and we define a homeomorph i sm or 

of 12 onto 12 by o-x(n) = x(n  + 1). The t ransformat ion group (fl, ~ )  is called the 

shift dynamical  sys tem on two symbols.  Within ([l, ~r) there is a vast array of 

minimal subsets.  

The almost  automorphic  minimal subsets  of (1), or) can be constructed by the 

following process.  Let  G be a compact  metric topological group written 

additively. We assume that G is monothet ic;  i.e., there exist g ~ G, called 

generators ,  such that {rig: n ~ Z} is dense in G. Let  (G,g)  denote the minimal 

equicontinuous t ransformat ion group determined by z--> z + g. We define a 

collection of subsets of G as follows: 

C¢(G)={A C G : C I ( I n t A ) =  A, O A ~ f ~ , a n d A  + z = A ~ z =O}. 

(CI, Int,O denote the closure, interior and boundary operators  respectively.)  Fix 

A ~ ~ ( G )  and g a generator  of G and set TA = G \  U 7=_® cgA + ng which is 

not empty  by the Baire Category Theorem.  We define an x in f l  by the formula  

x (n )  = XA(z +ng)  

where XA is the characterist ic  function of A and z ETA  and we call such an x a 

characterist ic sequence.  We will briefly recount  the essential propert ies  of 
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these sequences. A complete discussion of them can be found in the first 

section of [8]. Let XA = Cl6(x) )  where 6 ( x ) = { t r n ( x ) :  n ~ Z }  and denote 

restricted to Xn also by ~. Then (XA, tr) is an almost automorphic minimal set 

which is independent of the choice of z E TA. Moreover,  there exists a 

homomorphism PA of (XA, o') onto ( G , g )  with the following properties for  

x, y C X A :  

a) pA(X) = Pa(Y) if and only if x and y are proximal. 

b) x is a characteristic sequence if and only if pA(X)E TA if and only if 

pA-'[pA(X)] = {X}. 

C) If X is a characteristic sequence, then x ( n )  = XA(pa(x)  + rig). In particu- 

lar x (0 )=  1 if and only if pA(X)E A. 

Every almost automorphic minimal subset of (fL ~) which is not a periodic 

orbit can be described in this way, 

Throughout  the rest of this paper we will assume that G is zero-dimensional. 

Characteristic sequences over zero-dimensional groups have been studied but 

under different names. A sequence to E ~ is called a regularly almost periodic 

point of (~,~r) if given any neighborhood V of to there exists a proper 

subgroup H of Z such that t r " ( to )E  V for all n in H. Given to ~ 1"~ suppose 

there exists a collection of pairwise disjoint arithmetic progressions {T~} whose 

union is Z such that n , m  E T~ implies t o (n )=  to(m), then to is a Toeplitz 

sequence. Moreover,  if the T~ can be chosen so that Z~ l/q~ = 1 where 

T~ = {r~ + kq,: k ~ Z},  then to is a regular Toeplitz sequence. Toeplitz se- 

quences were first investigated by Jacobs and Keane using different definitions 

[5]. The above definitions are from Coven and Keane [2] and it is easy to check 

that they are equivalent to the original ones. 

PROPOSITION 1. Let  x E 1). The [ollowing are equivalent: 

a) x is a Toeplitz sequence. 

b) x is a regularly almost  periodic point.  

c) x is a characteristic sequence constructed on a zero-dimensional  group or 

a periodic sequence. 

PROOF. First let x be a Toeplitz sequence with arithmetic progressions {T~}. 

We may as well assume that x is not periodic and the Ti are indexed by the 

positive integers. Let  T, = {r, + kq,: k E Z},  let m, be the least common multiple 

of {q~,-. ",q,} and let 

B ~ = { t o E ~ : t o ( j ) = x ( j ) V j E [ - m , , m , ] f 3 ( k l ~ . ~  ' T~)}. 
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Then N 7=, B~ = {x} because m , - - -~  as i - - ~ ,  trk(x) E B, if rn, divides k, and x 

is regularly almost periodic. 

Now let x be a regularly almost periodic point in (fl, tT). The trace of x is {x} 

and hence on X = Ci(~7(x)) the equicontinuous structure relation coincides 

with trace relation and the proximal relation [4, theor. 1.08 (4)]. From this point 

it is easy to see that x is an almost automorphic point of (f~,tr) and thus a 

characteristic sequence. The maximal equicontinuous factor  of (X, tr) is 

zero-dimensional by [4, theor. 1.15 (5)]. 

Finally, let x be a characteristic sequence determined by A ~ ~ ( G )  with G 

zero-dimensional, and let {U,} be a sequence of open-closed subgroups of G 

such that fq U. = {0}. Set V, = {z: U~+ z CA} and W, = {z: U~+ z C G \ A } .  If 

Vk and Wk have been defined, then set Vk+, = {z: Uk+, + z C A \ (  U ~=1V~)} and 

Wk.~={z: Uk+~+z C ( G \ A ) \ ( U ~ = , W ~ ) } .  Observe that In tA = UT=~Vi and 

G \ A  = U 7=r Wi. Let i (n) denote the index of U. in G. Suppose that z = pA(X) 

and z + r n g ~ U . + w C A  or G \ A .  It then follows that z + m g + k i ( n ) g C  

U. + w for all k in Z because U. =Cl ( {k i ( n ) g : k  EZ}) .  In other words, 

x ( r n ) = x ( m  +ki (n) )  for all k E Z .  

We will now define the arithmetic progressions for x inductively. First 

z ~ V. or IV. for some unique n, call it n,. Set T, = {ki(n,): k ~ Z}. Choose rn~ 

with I m2[ minimal and m2 ~ T,. There exists a unique n such that z + m2g ~ V. 

or IV., call it n2, and set 7"2 = {m2 + ki(n2): k ~ Z}. Continuing this way we 

define {T~}7=, such that x ( m ) = x ( m ' )  if m , m ' E  T. It is easy to check that 

UT_,~ = Z  and T, M T~ =Q if i / j .  

The equivalence of a) and b) is not new. The interesting thing is the proof  of 

c) implies a) because it constructs arithmetic progressions for a Toeplitz 

sequence x which are intimately connected with the structure of the maximal 

equicontinuous factor of (CI (C(x)), o-). Moreover,  notice that our construction 

gives progressions such that 1 -ET=, l/q~ = 1~(,gA) when/z  is normalized Haar 

measure on G. 

PROPOSITION 2. Let x be a regular Toeplitz sequence. If x is a characteristic 

sequence of A E ~(G) ,  then tz(SA) = O. 

PROOF. There exist arithmetic progressions {T,}7=, for  x such that 

ET=, 1/q~ = 1 where as usual T~ = {r~ + kq~ : k E Z}. It suffices to show that for all 

J E Z  
1 

~_,l/q~ < tz ( I n t A ) +  ~ ( G \ A ) .  
i = 1  

The progressions T, with i =< J can all be written as unions of progressions with 
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modulus the least common multiple of {q~,. •., q~} which we denote by m. So 

we have tA ~jT~ = tA ,~pT'~ where T', = {r'r+ kin: k E Z}. Let  

U = Cl({kmg: k ~ Z}). 

Then U is an open closed subgroup of G of index M which divides m. If 

m = dM, then we have at least p/d distinct cosets U + pA(x) + r'~g. Therefore ,  

~, 1/q, = p ( l / m )  = (p /d ) ( l /M)  < p. (Int A) + t z ( G \ A ) .  
i~_I 

COROLLARY. The regular Toeplitz sequences which are not periodic are 

precisely the characteristic sequences determined by some A E CO(G) such that 

G is zero-dimensional and I~(OA)= O. 

It is true in general that t~(OA)= 0 implies that (XA, ~r) is uniquely ergodic 

and pA is an isomorphism in the sense of ergodic theory.  Thus the following is 

also a consequence of Proposition 2: 

COROLLARY (Jacobs and Keane [5]). If x is a regular Toeplitz sequence, then 

(Cl(G(x)),  o-) is uniquely ergodic and has discrete spectrum. 

We want to investigate regular Toeplitz sequences whose orbit closures have 

dynamical properties similar to substitution minimal sets. Our approach is to 

identify and use the properties of A, an element of ~¢(G), which guarantee this. 

The first condition we impose is that G be an n-adic group. The rationale for 

this is a theorem of Gottschalk [4, theor. 3.49]. We conclude this section with a 

few remarks about these groups. 

For  an integer n _-> 2 let Z(n) denote the additive group of n-adic integers; 

that is 

Z ( n ) =  z,n':z~ =O, 1 , . - . , n -  1}. 

Let  Uk = {z E Z(n) :  z~ = 0 for i _-< k}. With the Uk as a neighborhood base at 0, 

Z(n) is a compact  metric topological group. Moreover,  each Uk is an open and 

closed subgroup of Z(n) of index n TM. As usual denote the integers rood m by 

Z~. There is a canonical homomorphism yN of Z(n) onto Z~N given by 

7N(E~oZ~n )=E~o~z~ni(modnN). Let i ,  ® ' where Zo = E~=oZ~n = 1 and z~ = 0 for 

i _-> 1. When there is no danger of confusion we will simply write i. It is easy to 

check that m ~ yN(m ] , )  is the canonical homomorphism of Z onto Z.u and 

that in is a generator of Z(n). It can be shown that there is a homomorphism of 

(Z(n) ,  I , )  onto (Z(m),  i , ,)  if and only if every prime dividing m also divides n. 
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In particular, (Z (n ) ,  ] , )  and ( Z ( M ) ,  ]~ ) are isomorphic  if and only if they have 

the same prime factors. 

Deterministic sequences 

Let  A be a closed subset  of  Z ( n )  for  which there exists a proper  subset  J of  

{0 , . . . ,  n - 1} such that the fol lowing condi t ions  are satisfied: 

l) If  z=ET_oZ~n~EZ(n)  and z ~ J  for  i < N  and zN~J ,  then either 

z + U N C A  or z + U N C Z ( n ) \ A .  

2) I f z = E L o z ~ n ' E Z ( n ) a n d z ~ E J f o r i < ~ N ,  t h e n z + U N m e e t s b o t h l n t A  

and Z ( n ) \ A .  

LEMMn I. If  A satisfies the above, then aA = {ET=oz~n~: z~ ~ J for  all i}. 

PROOF. Since Z ( n ) = I n t A U O A U ( Z ( n ) \ A ) ,  it suffices to prove  that 

Int A U ( Z ( n ) \ A )  = {z = E~_oZ~n~: z~ Z J for  some i}. It is clear f rom, l )  that  the 

right side is conta ined  in the left. Let  z = E T _ o z m ~ I n t A .  For  some N, 

z + UN C A  which implies that z ~  J for  some i < N by 2). Likewise  if 

z C Z ( n ) \ A .  

LEMMA 2. L e t A s a t i s f y t h e a b o v e a n d l e t z ' = n - l + E T _ , ( n - 2 ) n  z . I f 0 ¢ : J ,  

then A + z' satisfies 1) and 2) with J ' = { j - l : j ~ J } .  

PROOF. C o m p u t e  z ' + z +  UN when z=ET=oz~n' with z ~ J  for  i < ~ / .  

PROPOSITION 3. Let A satisfy 1) and 2) with respect to J. Then A E ~ (Z (n ) ) .  

PROOF. B y L e m m a l  3 A ~ Q a n d b y L e m m a 2 w e c a n a s s u m e t h a t O @ J .  It is  

clear f rom 2) and L e m m a  1 that  C l ( I n t A ) =  A. Suppose  A + z = A. Then  

8A + z  = 3A and by C o v e n ' s  L e m m a  z = m l  [1, p. 13I]. N o w  we can assume 

that z = YY=oZ,n' + nN+' which implies that j + 1 E J if j @ J and j ~  n - 1. This 

brings us to the cont radic t ion  J = {0 , - . . ,  n - !}. 

Thus  condi t ions  l) and 2) de te rmine  a subclass  of  ~ ( Z ( n ) )  which we will call 

deterministic and denote  by ~, .  Given a comple te  descr ipt ion of  A in @, and 

the coefficients of  z ETA,  it is possible,  as we shall see at the end of  this 

sect ion,  to de termine  by direct  computa t ion  as much  of  the sequence  pA~(Z) as 

we want.  This p roper ty  and condi t ion !) suggest  the n a m e .  

Let  n = 5, J = {0, 1,2,}, z = ET:oz~n~ where  z~ E J for  i < N and zN~ J. The  

fol lowing are examples  of  sets in ~ , .  

EXAMPLE I: Let  W =  U{z+U~:E~=oZ~n' is an even integer,  z ~ E J  for  

i < IV, zN~zJ} and then set A = CI(W).  In o ther  words ,  A is a c losed set such 
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that  z + UN is conta ined  in A or  Z ( 5 ) \ A  accord ing  as E~=oz~n ~ is even or  odd if 

z~ @ J for  i < N and zN ~ J. Because  3 and 4 are in {0, l, 2, 3 , 4 } \ J  it is easy  to 

check  that 2) holds. Thus  A ~ @5. 

EXAMPLE 2: This time define A so that z + UN iS conta ined  in A or  

Z ( 5 ) \ A  accord ing  as ZN , is even or  odd with the usual condi t ions  on z. 

PROPOSITION 4. L e t  A ,  B E ~ ,  and suppose  that  0 ~ JA fq J~. I f  (XA, ~r) and  

(XB, ~r) are i somorphic ,  then JA = JB. 

PROOF. There  exists z ~ Z ( n )  such that T A  + Z = TB. Lett ing E A  = 

Z ( n ) \ T a  = OA + ] we also have EA + Z = E~. If we can show that z = m ], then 

it follows that JA = J~. 

A s s u m e  z Z  Z ]  and pick q in { 0 , . . . , n -  2} such that q appears  infinitely 

of ten  in z. Then  fol lowing Coven  [1, pp. 131-132] we see that  [q + ]] E Ja fo r  all 

l E JA where  [.  ] denotes  the residue mod n. Apply ing  the same reasoning  to 

EB - z = EA we see that  [n - q - I + j ' ]  E JA for  all j '  E JB. Combin ing  these we 

h a v e [ [ q + j ] + n - q - l ] E J A  f o r a l l j ~ J a  o r j i n J a  i m p l i e s [ ( n - l ) + j ] E J A  

which yields the cont radic t ion  JA = {0," - ' ,  n - 1}. 

In view of  L e m m a  2 and Proposi t ion  4 we now make the s tanding assumpt ion  

that 0 E  JA wheneve r  A ~ ~, .  

Given z in Z ( n )  and N > 0 there is a cer tain interval of  integers m such that  

z + m ] and z have the same coefficients for i _> N. These intervals will play a 

basic role in our  theory .  Their  re levance  for  subst i tut ions was d i scovered  by 

Coven  and Keane  [2, theor.1,  p. 95]. In the next  few results  we will descr ibe  

their propert ies .  

i / 4 - - 1  i PROPOSfTION 5. Let  z = E~=oz~n and let N > 1. Se t  aN(z)  = - ( l  + E~=o z~n ) 

and bN(z)  n N _  N-I i = E~=oz~n. Then as m ranges through the integers in 

(aN(z) ,  bN(z))  z + m ] = ET=ow~n i has the fo l lowing proper t ies  : 

a) w, = z, f o r  i >-- N 

b) E~N-'win~ takes  on all integer values in ( -  l , nN) .  

PROOF. If we establish a) and check  that (aN(z ) ,b~ , ( z ) )  conta ins  n N inte- 

gers,  then b) fol lows because  Y.~_-o'w~n ~ would assume n N different  values 

(z + m ] = z + m ' ]  if and only if m = m' ) .  To prove  a) we need the fo l lowing 

lemma:  

LEMMA 3. Le t  b = E~=ob,n ~ be a pos i t ive  integer where 0 < b~ < n. Then 

0 < m  < b  i f  and  only  i f  m =E~=om~n ~ where the m, sa t i s fy  the fo l lowing  

condi t ions  : 
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a) O<-_m, < n 

b) s o m e  m ~ # O  

c) there ex is t s  j <= N such that  mj < b~ and  m, = b, f o r  ] < i <= N. 

PROOF. A s s u m e  0 < m < b. There  is an express ion  for  m such that  a) and b) 

aold. Because  m,n'  <-m < b  < n  N÷' it conta ins  at mos t  N terms.  Suppose  

mN>bN.  Then  b - - _ < n N - ! + b N n N < m N n N < - - _ m .  If m , = b i  f o r j < i _ - < N ,  then 

E{:om,n i =< Ei:ob~n ~ and we can repeat  the a rgumen t  on mj. 

For  the conver se  note  that wi thout  loss of  general i ty  we can assume that  

mN <bN.  T h e n  m < = n N -  l + mNn N - ( m N  + l ) n N -  l < b N m N  <-_b. 

PROOF OF a). First  we cons ider  m in (0, bN(z))  and we rewri te  bN(z): 

N - - I  N - - I  /s / - - |  

bN(Z) = n '~" - E z,n' = ~ (n - l ) n ' +  I - E z,n'  
i - ( I  i = O  i = O  

N - I  

= ( n  - Z o ) +  ~ (n - z ~ - l ) n  ~. 
i = I  

Nt  i 0 _ <  By L e m m a  3, m = E , = o m ~ n ,  r n , < n  such that  m i = n - z ,  1 for  ] < i <  

N & r n j  < n - z ~ - ! .  There fo re ,  the ] th  coord ina te  of  z + m ]  is at mos t  

r n j + z ~ + l < n  and t h e i t h c o o r d i n a t e f o r j < i < N i s M ~ + z ~ = n - l < n .  The  

N - 1st coord ina te  of  z + m ] is at least mN-~ + zN-t and the N t h  coord ina te  of  

z + m ! is zN. There fore ,  a) holds for  0 <  m < bN. 

For  a N < m < 0  apply the above  to - z = n - z o + E T = ~ ( n - l - z ~ ) n '  and 

+ Y'i =o z,n [ ) < m  < b N ( - z )  = I N-, = - a N ( z ) .  

REMARK. 

a) If  z , ~ O  for  infinitely many  i, then aN(z)  decreases  to -oo.  

b) If z~# n - ! fo r  infinitely many  i, then bN(z)  increases  to  co. 

COROLLARY. Le t  z, w E Z ( n ) .  I f  z, = w~ [or  all i >-_ N >-_ 1, then there ex is ts  m 

in (aN(z),  bN(z) )  such  that  w = z + m l .  

PROOF. There  are at mos t  nN e lements  like w given z. By Propos i t ion  5, 

z + m i with m @ (aN(z),  bN(z))  produces  nN of them. 

COROLLARY. Le t  z E Z ( n ) .  I f  m E ( a N ( z ) , b N ( z ) ) ,  then ( a N ( z + m l ) ,  

bN(z + m ])) = (aN(z )  - m, bN(z)  - m ). 

PROOF. Using the h o m o m o r p h i s m  YN it is easy  to see that  bN(z + m ]) and 

b N ( z ) - m  are congruen t  mod n N, and then note  that 0 is in both  intervals.  

Suppose  A E @,, 0 E J, and z E Ta. Then  to c o m p u t e  x = p-a~(z) on [ - M, M]  

one p roceeds  as fol lows:  
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I) Find N such that aN(z) < - M < 0 <  M < bN(z). 

II) Find m such that z, ,E J and m ->__ N. 

III) Determine whether  E~'=oWm ~ + Up is contained in A or Z ( n ) \ A  when 

p=<m,  w p E J  and w ~ E J  for i < p .  

IV) For q in (a, , (z) ,b , . (z)) ,  x(q)=~(a(Z?=oZ~n'+q]) and this data was 

determined in Ill). 

Let  m and n have the same prime factors.  Then there is a unique 

isomorphism ~ of (Z(n) ,  ] , ) o n t o  (Z (m) ,  i , , ) such  that + ( i . )  = ],,. Moreover ,  

is an isomorphism of topological groups. 

PROPOSITION 6. Let A @ ~ ,  with Ja ~ {0}. If ~ ( A )  E ~,,, then there exist p 

and q such that n ~ = m ~ 

PROOF. In the next section we will prove a more delicate theorem and point 

out how the techniques can be applied to this proposition. 

Substitution-like minimal sets 

In this section, which is the heart of the paper,  we will define substitution-like 

minimal sets, consider the isomorphism problem within this class, and deter- 

mine their factors.  

Let  A E ~..  We say A is substitution-like provided that given any N > 0 and 

any two points z = ET=oz, n ~ and z ' =  ET=oz'~n' in TA such that z~ = z'~ E J for 

i < N ,  then X A ( z + m i ) = X a ( z ' + m ] )  for all m in (aN(z),bN(z))  if XA(Z)= 

XA (Z'). The collection of substitution-like elements  of ~ .  will be denoted by 

owg., and if A E owg, for some n > 2, then (XA, tr) is a substitution-like minimal 

set. Example  1 is substitution-like and Example  2 is not. 

We denote the cardinality of a finite set F by I FI .  

PROPOSITION 7. Let A E Sfg,. I f  n - 1 fY_ J, then J p ~'(z ) I = 2 [or aU z E OA. 1[ 

n - 1E J, then Ipa'(Z) 1 = 2  [or all z ~ O A \ Z i  and 3_-<lpa'(0)l_-<:4. 

PROOF. Let  x , y  E pA'(Z) such that x ( 0 ) =  y(0). There exist sequences of 

almost  automorphic  points {xk} and {yk} converging to x and y. Let  z = ETooz, n', 

pa (xk) = sck = ZS=o~:k~n ~, and pa (yk) = ~'k "- Y~7=o~'k.n ~. Given N > 0 pick k so that 

x k = x  and y k = y  on (aN(z),bN(z)),  and ~:k~=Z~=~rk~ for O<-i<=N. On 

(au(z) ,bN(z))  we now have x ( m ) = x ~ ( ~ k + m ] )  and y ( m ) = x ~ ( ~ + m ] ) .  

Because A is substitution-like and x ( 0 ) =  y(0) it follows that x = y  on 

(aN(z), bN(z)). If z ~  Z ] ,  then aN(z)---~ -oo and bN(z)--->~ as N - - * ~  and x = y 

independent  of where n - 1 is. When z E Z ]  we may as well assume that z = 0. 
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Since bN(0)---~0¢, x ( m ) = y ( m )  for  m=>0 .  For  x, yEp-A'(O) with x ( - l ) =  

y ( -  1) we have  x(m)  = y ( m )  for  m < 0  because  a N ( -  ] )---~-  ~.  

We know that  there  exis t  x and y in p-a'(z) such that  x ( 0 ) #  y(0). By the 

a b o v e  it fo l lows  that  pa'(Z) = {x,y} unless  z E Z i  and n - ! E J. If  z = 0 and 

n - 1 E J, then it is c lear  that  IPA'(0) I =<4. Le t  q be the smal les t  in teger  in 

{ 0 , . . . , n - l }  which  is not in J. If  n - l E J ,  then there  exis t  sck= 

qn k + ES-k+zsCk,n i and ~'k = qn k +ET_k+, srk,n ' in TA such that  

XA(~k -- i)# XA(~k -- i). 

It  fo l lows  that  there  exis t  x, yEpA'(O) such that  x ( 0 ) = y ( 0 )  and  

x( - i) # y(  - 1 ) .  T h e r e f o r e ,  3_-<1p7~'(0)1 if n - l E J ,  which c o m p l e t e s  the 

proof .  

COROLLARY. Let x, y EpA'(Z) when z~TA.  Then x =y  if and only if 

x(m)  = y(m) for some m such that z + m ] ~ aA provided that either z~: Z] or 

n - l E J .  

It is easy  to check  that  the fo l lowing are t rue for  A E 5¢g, : 

a) If  n - 1 E J, then p 7~'(0) cons is t s  of  a pair  of  nega t ive ly  a s y m p t o t i c  points  

x and y such that  x ( m ) = y ( m )  for  all m < 0 .  

b) If  n -  1 E  J, then p A'(p~) cons is t s  of  a pair  of  pos i t ive ly  a s y m p t o t i c  

points  x and y such that  x ( m ) = y ( m ) f o r  all m > 0 .  ~=ET=ojMZ' and 

j• = max  {j @ J}. 

c) If  n - l E J, then p 7,'(0) conta ins  at least  one pair  of  pos i t ive ly  a s y m p t o -  

tic points  and at least  one pair  of  nega t ive ly  a s y m p t o t i c  points .  

d) L e t  x, y E p2'(O). If n - l E J, then the fo l lowing are equiva lent :  

i) x and y are pos i t ive ly  (negat ive ly)  a s y m p t o t i c  

ii) x(m) = y ( m )  fo r  s o m e  m =>0 (m _-< - 1) such that  m ]  E OA 

iii) x(0)= y(0) {x ( -  I)= y ( -  l)} 
iv) x(m) = y ( m )  for  all m _->0 (m =< - 1). 

e) Le t  x , y  E p A ' ( Z )  where  z ~  Ta. If x and y are pos i t ive ly  (negat ive ly)  

a s y m p t o t i c ,  then  z = /~  + m ] (z = m ] )  fo r  s o m e  m in Z. 

Le t  A and B be e l emen t s  of ~t~, with J,, = J B = J .  We say A and B are 

semi-dual  if there  exis ts  N > 0 such that  for  each  z = XT=o z,n' with zi E J fo r  

i -< N we have  one  of the fol lowing:  

A O ( z + U N ) = B  N ( z + U N )  

A [ " ) ( z + U N ) = B o ( ' ) ( z + U N )  

where  Bo = C I ( Z ( n ) \ B ) .  
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THEOREM I. Let A, B E 5e(,. Then (Xa, tr) and (Xa. tr) are isomorphic if 

and only if JA = Jo and A and B are semi-dual. 

PROOF. Suppose ~ is an isomorphism of (Xa, tr) onto (Xs, tr). From e) it 

follows that p~,(~b(x))=mi if xEp-a'(O). Replacing ~b by t r - "  "th we can 

assume that p~ • 4~ = pa. From Proposition 4 we know that JA = Js = J. Assume 

A and B are not semi-dual. Then there exists a sequence of integers Nk going 

to infinity and a sequence ~k in Z(n)  converging to ~ ~ OA such that srki E J for 

i _-< Nk and ~'k + UN~ does not satisfy either of the semi-dual equations. There  

are exactly four ways that this can happen,  and so without loss of generali ty we 

can assume it happens the same way for all k. We will argue one of the four  

cases,  since they are all essentially the same. 

We will assume that there exist zk and wk in A fq(~rk + UNk) such that 

zk C B fq (~'k + UNk ) and wk ~ B A (~'k + UN~ ). Clearly {zk } and {wk } converge  to ~" 

as k ---, ~. Because 0A = OB we can assume zk, wk E T,~ = TB for  all k. Lett ing 

x~ = p 2~(z~) and yk = p 7~(wk) we can assume that xk ~ x and yk ~ y as k ~ ~. 

Note that x ( 0 ) =  1= y(0) and 4~(x)(0)~ 4~(y)(0). These equations have con- 

tradictory implications; the specific contradictions are the following: 

i) If ~ Z ]  or n - 1 ~ J, then x = y and ~b(x)~ &(y). 

ii) If n - l E J  and ~ ' - - -m]  with m_->0, then x and y are positively 

asymptot ic  and ~,(x) and 0(Y) are not positively asymptotic .  

iii) If n - l E J  and s r = m l  with n < 0  then x and y are negatively 

asymptot ic  and ~b(x) and 4'(Y) are not negatively asymptotic .  

For the converse  we will show that the canonical map of the characterist ic  

sequences o[ XA onto the characteristic sequences of X~ is uniformly 

continuous. Let M > 0  be given. There exists Mo such that if x = y  on 

( -  M,,, Mo), then d(pA(x) ,pA(y))  < y = inf{d(z, UN): z ~  /-IN} where d is an 

invariant metric on Z(n)  and N is given by the definition of semi-dual. Note  

that d(z, z') < 3' implies z - z '  E/_IN. Let M '  = M + Mo. It is easy to check that 

if x and y are characterist ic sequences in XA and they agree on ( - M ' ,  M' ) ,  

then p ~'(pA(X)) and p b'(pA(Y)) agree on ( - - M ,  M). 

THEOREM 2. Let A be substitution-like. I[ n - 1 ~ J, then (XA, or) is a prime 

extension (see [8, sect. 6]) of (Z(n) ,  ]). 

PROOF. Let  R be a closed invariant equivalence relation on XA and let P be 

the proximal relation on XA,which equals the equicontinuous structure relation 

because (XA, cr) is locally almost  periodic. It suffices to show that P C R. We 

will show that R ~  A implies R f3 P ~  A and A ~  R C P  implies R = P. 
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Suppose that R ~ A  and R fq P =A.  Let  (Y, 4~) denote  (X~/R,~r /R) ,  0 the 

canonical homomorph i sm of (XA, g)  onto (Y,~b), and ~J the induced map of 

(Z(n) ,  i) onto (G, g) - -  the maximal equicontinuous factor  of (Y, ~b). Without 

loss of generali ty 0 is a group homomorph ism.  Let  H = kernel of 0. If H = {0}~ 

then R C P  and R -- R ~ P = A; thus H,, ~ {0}. Because R ¢q P = A it is easy to 

see that Ta + H = TA. It then follows that H CZ1  [1, p. 131] and then H = {0} 

because H is closed. We have shown that h ~ R implies R ~ P ~  A. 

To show that A ~ R C P implies R = P it will suffice to prove the following 

lemma: 

LEMMA 4. Let z and z' ~ cgA such that z - z' fE Z i ,  let x, y E p-At(z) with 

x ( 0 ) ~  y(0), and let x ' ,  y' ~ p-~'(z') with x'(O) ~ y'(O). I f  n - 1 ~ J, then there 

exists a sequence {m~} such that (g in(x) ,  o- '~(y)) converges to either (x',  y') or 

( y ' , x ' ) .  

PROOF. For each N > 0 there exist ~N and ~N in TA such that ~Ni = z, = ff,~i 

for all i < N  and that xN =P~,~(s%) and yN =p~,'(~'N) equal x and y on 

(aN(z), bN(z)). Fur thermore ,  there exists rnN in (aN(z), bN(z)) such that ~;~j = 

z'~= ~'k~ for i < N where ~¢k= ~N + raN1. Because A E 5eg, and 

( aN( z'), bN( z') ) = ( a N ( z ) -  rnN, bN( z ) - raN) we have the following equival- 

ences: XA(SCN)=XA(SrN) if and only if XA(~N+mi)=XAffN+mi) on 

(aN(Z), bN(Z)) if and only if XA(~:~+ m i) = XA(~'k+ m i) on (a~(z') ,  bN(z')) if 

and only if XA(SCk)=h'A(~'k). Thus XA(~k)~XA(~'~). On the interval 

(aN(z'), bN(z')) we now have o'm~(x)(m ) = x (m  + raN) = XA (~N + (ran + re)i) = 

X A ( ~ +  m ] ) =  x ' (m)  (renaming if necessary).  A similar equation holds for  y '  

because pA'(Z') = {X', y'} and XA (~:k) ~ XA (~'~). If follows that tr""(x)---~x' and 

tr~'~(y)---~y ' as N---~o~ to complete  the proof.  

Note  that we only used the hypothesis  n -  1 ~ J  to assert  that pS~(z')= 

{x', y'} in the proof  of  L e m m a  4 and that R plays no role in L e m m a  4. Suppose 

n -  I E J. Then we still have R ~  A implies R fq P ~  A. If A ~  R C P, then 

P[x] = R [x] when pA(x) ~ Z i  and there are at most  two equivalence classes of 

R in p 7~'(0). Moreover ,  it is easy to check that in the quotient proximal  implies 

doubly asymptot ic .  Therefore ,  if n -  I E J, then either (XA, tr) is a prime 

extension of (Z (n ) ,  ]) or a prime extension of a prime extension of (Z(n) ,  1). 

PROPOSITION 8. If A E ~ and J = {0}, then A E 6eel. 

PROOF. Let  z and z '  ETA be such that z, = z~ E J for i < N. Hence  z, = 0 

for i < N, and (aN(z), bN(z)) = ( - 1, nN). For  0 < m < n N, z + m 1 and z '  + m ] 
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have the same coefficients for i < N at least one of which is non-zero. Then 

X~(Z + mi )=XA(Z '+ m i )  for O< m < n ~. 

THEOREM 3. Let A and B be elements of 5Pg, and 6?~ such that OA ~ {0}. If 

(Xa, or) and (Xo, tr) are isomorphic, then there exist positive integers p and q 

such that n ~ = m ~ 

PROOF. Let  ~b be an isomorphism of (Xa, or) onto (XB, tr). Clearly dB~ {0}. 

Because p a'(0) and p~'(0) have special dynamical properties we can assume 

that 4~(p ~'(0)) = pa'(0) by replacing ~b by o "~ • 4~ for some suitable k. It follows 

that the isomorphism of (Z(n), I , )  onto (Z(m),  1~) induced by 4> is the group 

isomorphism ~b. Therefore  n and m have the same prime divisors. 

The next lemma will show that near 0, 0A = OB. In proving this lemma we 

will make use of the standard metric for  1) given by d(x, y ) =  0 if x = y and 

d(x,y)  = 1/(q + l) for x ~  y where q = min{[i l : x ( i ) ~  y(i)}. 

LEMMA 5. There exists I such that z = E7=~+~zin ~ E OA implies ~b(z) ~ OB. 

PROOF. Pick I such that d(~b(x),<b(y))< 1/4 whenever  x = y on ( - n ' , n  I) 

and such that p a ( x ) E T a  n UI implies x ( k ) = x ' ( k ) ,  k = - l , 0 ,  for some 

x'EpA~(0).  Let z = E , = t z i n ' E O A  with z t ~ 0  and l > L  and let x, y E p ~ ' ( z )  

such that x ( 0 ) ~  y(0). It suffices to show that Ob(x)(0)~ <h(y)(0). 

There exist ff and ~" in Z(n) such that ~'i = z~ = ~'~ for i _-<l; ~', ~" E TA n  u l ;  

and XA(~" + m i , )  = x(m) and Xa(s r' + m i , )  = y (m)  on (a~(z) ,b~(z) )  with N = 

l + l .  It is easy to check that a N ( z ) < - n ' ,  b~( z )>n  ~, bt(~ ' )>n ~, and 

at(~ r - i , )  < - n I. Therefore ,  there exist x '  and y '  in p ~'(0) such that x = x '  and 

y = y ' o n ( - n r ,  n ') .Nowx'(O)~y'(O) implies that x ' a n d  y ' a n d  henceth(x ' )  

and ~b(y') are not positively asymptotic.  Thus th(x ' ) (0)~ ~b(y')(0). We now 

have 1 = d(cb(x'), ~(y')) <- d(~ (x ' ) ,  6 (x) )  + d(d~(x), 6(Y)) + d(t~(y), th(y')) < 

I/4 + d(&(x),  ~b(y))+ 1/4, which implies that d (6 (x ) ,  ~ ( y ) ) >  1/2 and hence 1. 

It follows that ~b(x)(0) ~ th(y)(0) and the proof of the lemma is completed. 

COROLLARY. There exists an open and closed neighborhood V of the identity 

in Z(n) such that ~b(OA n V) = OB n ~b(V). 

LEMMA 6. Let m and n be positive integers with the same prime factors, let j 

be a positive integer less than m, and for each positive integer i let 

o-(i) 

j m ' =  ~ k,n' 
/=At / )  
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where  0 <= k~ <= n - 1, k~,~ P 0, and  k~,~ ~ O. I f  there  are  no p o s i t i v e  in tegers  p and  

q such  t ha t  n o = m ~, then  

l im t r ( i )  - A(i )  = oo. 

PROOF. S u p p o s e  the re  ex is t s  an inc reas ing  s e q u e n c e  of  pos i t i ve  in tegers  

{i~}~=, such  tha t  t r ( i , )  - A( i , )  _--< M for  some  M. Then  j m  ~ <= n ~ " W ~ o ( n  - 1)n' = 

n ~ ° ( n  M - l) if i = i, fo r  some  y. Le t  n = p~ . . . .  p] ,  and  m = p{ . . . .  p~, whe re  

the  p~ are  p r imes  and  the e~ and [~ are  all pos i t ive .  S ince  n~"~<~ k~,~n ~"~< - j m ' ,  

for  i = i, we have  

1 < j m '  = jp~[_~ , , , . , . . ,  p T - A , , . . <  n M _ 1. 
n ~,(i) 

B e c a u s e  n ~"~ d iv ides  j m  ' t he re  ex i s t s  P such  that  fo r  all i, P _-< i~ - A ( i )e ,  when 

I _-< t _-< s. It f o l l ows  that  t he re  ex i s t s  Q such that  for  1 _-< t =< s and  for  all  i~ we 

have  

P _--- i,f, - a ( i , ) e ,  = Q. 

By d iv id ing  by  i~ and le t t ing  y go to infini ty we find that  for  i =< t =< s 

f-' = l im A(i,.__~) 

which  impl ies  tha t  the re  ex i s t  pos i t ive  in tegers  p and q such tha t  n ° = m q. 

W e  can now c o m p l e t e  the p roof  of the  t heo rem.  A s s u m e  that  there  do not  

ex is t  pos i t ive  in tegers  p and q such  that  n " =  m ". Le t  V be g iven  by  the 

C o r o l l a r y  of  L e m m a  5. T h e r e  ex is t s  N such that  z = ET_Nz~n ~ impl ies  z ~ V 

and w = YT~Nw,m' impl ies  w ~ ~ ( V ) .  Pick j '  = 0 in JR C { 0 , . . . , m  - 1}. As  in 

L e m m a  6 wr i te  

o(i;, 

j ' m ' =  ~'~ k ,n ' .  
I = X ( i )  

N o t e  tha t  h ( i ) - - - - ~  as i ~  b e c a u s e  in Z ( m )  l imi_®j 'm '  = 0  and b e c a u s e  

~ ( ] , )  = ],,. C h o o s e  i so tha t  i > N, A( i )  > N, and  t r ( i )  - A( i )  > 3. 

C o n s i d e r  z = ion ~"~ + j , n  ~"~÷~ with jo, j ,  E JA. Since  z E aA A V, z = E~ow, m '  

wi th  w~ E J o  for  all i. O b s e r v e  tha t  jonA~°+jln~°>'<-_ 

( n - l ) n ~ " ~ + ( n - l ) n  ~"~÷ '=n  ~ " > 2 - n ~ " ' < n ~ " ~ + 2 < n ' ~ i > ' < n ~ " ~ < j ' m ' .  Wi th-  

out  loss  of  gene ra l i t y  we can  a s s u m e  that  m < n and then n " " ~ < j ' m  ~ < m ~÷~ 

impl ies  that  n ~ " > ' < m ~ .  It fo l lows  that  M < i. C o n s e q u e n t l y  w = 
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E~ow, m ~ + j ' m ' ~ O B D t O ( V ) = t O ( O A  D V) and ~'=tO ' ( w ) E O A  t') V. By 

choos ing  z in var ious  ways  we will obtain the cont rad ic t ion  JA = {0,. • . ,  n - 1}. 

First let jo = k~,, and j, = 0. This forces  all multiples of  k~,~ taken mod n to be 

in Ja. In particular,  n - k~,~ ~ JA. Similarly, if k~,~+, ~ 0, then n - k~,~+f E Ja by 

taking j o = 0  and j~ = k~,,+~. Nex t  let jo = n - k ~ , ~  and j~ = 0  or  n - k ~ , ~ + ,  

accord ing  as k~,~÷~ is or  is not zero.  It fo l lows that 1 E Ja. Finally letting jo = 1 

and j, = 0, we see that J~ = { 0 , . . . , n  - l}. 

PROPOSnlON 9. Let A E 5°go and B ~ 5f£m and suppose that OA = {0}. f f  

(XA, tr) and (XB, tr) are isomorphic, then there exists N such that UN D A = 

UN D tO-~(B) or UN D C I ( Z ( n ) \ A ) =  UN D tO-'(B) where tO is the canonical 

isomorphism of  (Z(n.), i , )  onto ( Z ( m ) ,  ],,). 

PROOF. Let  • be an i somorphism of (XA, tr) on to  (Xn, tr). Clearly OB must  

also be {0} and if x EpA' (0) ,  then pR . ~ ( x ) =  ki , , .  Replacing • by  o --~ . ~  

yields p ,  • • = tO • pA. N o w  let B '  = tO-'(B), and not ice that X~, = XB, OB' = {0} 

and TA = T~,. The  method  of  p roof  is now very  similar to that  of  T h e o r e m  I. 

First we show that  there exists No such that for  every  coset  z + UN~ UN 

with N > No and z + UN C UNo either z + UN C B '  or  z + UN C Z ( n ) \ B ' .  If this 

were false there would exist  sequences  {~:k} and {~'k} in T,~ converg ing  to 0 such 

that ~:k } C B '  and {~rk} C Z(n  ) \ B '  and such that xk (0) = yk (0) where  xk = p ~'(~¢k) 

and yk = pa'(~'k). We can assume that {x~} and {yk} converge  to x and y. It 

fol lows that  x , y  ~ p 2 ' ( 0 )  and x ( 0 ) =  y(0), and hence  x = y. Since 

• (xk)(0) ~ qt(yk)(0), we have the cont radic t ion  ~ ( x ) ¢  ~ ( y ) .  

To finish the p roof  we can proceed  exact ly  as in the first half  of  the p roof  o f  

T h e o r e m  1 because  the above  shows that B '  is substi tut ion-l ike in UNo and 

cgA' = OB' -- {0} C UN~. 

We conclude  this sect ion with an outline of  the p roof  of  Propos i t ion  6. 

Instead of  L e m m a  5 all we need is the observa t ion  that OtO(A) = tO(OA). Since 

L e m m a  6 is number  theoret ical ,  we have it at our  disposal.  N o w  we can use the 

same technique to show that J,, = {0, l , . . . , n  - 1} with V = Z(n) .  

Substitutions 

A subst i tut ion of  length n(n >= 2) is a map 0 of  {0, 1} into the n -b locks  on 0 

and 1. Let  0(0) = a o a , . . ,  a,_, and 0(1) = b o b j . . ,  b,_~ and let O(i), = a, or  b, 

accord ing  as i = 0 or !. The subst i tut ion 0 induces  a con t inuous  map  0 of  f l  

into l~ by O(x)(m) = O(x(k)),  where  m = kn + r and 0 =  < r < n. The  general  

problem for  subst i tut ions is to de termine  the dynamica l  proper t ies  of  Cl (6(x) )  
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where O(x) = x. In this section we will present  some new results of this type 

which follow f rom our results on substitution-like minimal sets. 

Let  A be the map on 2-blocks given by )~(pq) = O(p) , - jO(q)o.  The number  of 

points x ~ f l  such that O(x) = x equals the number  of fixed points of A. It can 

happen that ;t has no fixed points; for  example ,  0 (0 )=  11 and 0 (1 )=  01. To 

prevent  this one usually replaces 0 by 02 [2, sect. 3], but we will not do this. 

For a substitution 0 of length n let I = {i: a~ = b~} and let J = {j: a j~  bj}. We 

say 0 is discrete provided that a) I ~  Q~,b) J ~  • , and  c) a ~  0 for some i and 

b, ~ 1 for some i. Hencefor th ,  we will assume that 0 is a discrete substitution. 

We will need the following formulas,  which are easily established. 

LEMMA 7. Let  m = Y.~=omkn~ ~ Z with O <- mk < n. 

a) 0N÷'(~),, = 0 ( . . .  O(u(a),,~,) . . . .  . . . ) , ~ .  

b) I[ mk ~ J  [or all k, then 0N+'(0),,~ 0N+'(I),,. 

c) I f  mk, E L then ON+'(a),, is independent  o[ mk [or k > k ' .  

We now associate  a closed subset  of Z ( n )  with 0. Let  z = E'/'=oz~n ~ E Z ( n )  

with z~ E J for  i < N and z~ ~ L Because z is also a posit ive integer 0u+'(0), 

makes sense. Let 

It is clear that with z as above z + UN is contained in Ao or Z ( n ) \ A o  

according as ON+~(O)~ equals 1 or 0. 

PROPOSITION 10. If 0 is a discrete subs t i tu t ion  o[  length n, then Ae E @.. 

PROOF. We have defined Ae so that condition (1) in the definition of 9 .  is 

satisfied and so it remains to check (2). Consider  z = E~=~zin ~ with z~ E J for 

0 _-< i <_- N. First suppose we can find i0, i, E I such that a~ = 0 and a,, = 1. Now 

let ~ = z + i o n  N+' and ~ ' = z + i ~ n  ~÷'. Then ~ + U N . , C A o  and ~"+UN+~C 

Z ( n ) \ A ,  or vice versa by b) of the above  lemma. Since they are both subsets 

of z + UN, (2) holds. If we can not find io and i, as above,  then there exists jo E J 

such that b~0=0 and aj0 = 1. Let  i o E I .  In this case let ~ = z + i o n  N÷I and 

~' = z + jon~'+~ + ion u+~ and proceed as above.  

Instead of using A~ as a subscript  for X, T, p, and X we will simply use 0. 

We have been assuming that if A ~ ~. ,  then 0 E J. We will temporar i ly  drop 

this assumpt ion until we show that Xo is the usual minimal set associated with 0 

and that replacing A by A + y as in L e m m a  2 so that 0 E J corresponds  to a 

simple rear rangement  of 0. 
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PROPOSITION 11. The set p ;~(O) is invariant  under  O. 

PROOF. L e t  z = ET=oz~n ~ and set  n z + r ] =  rn°+Y~7=oz~n T M  where  O<=r<-_n. 

Then  for  z ~ To it is immed ia t e  that  O(x~(z)),  = xo(nz  + r i ) .  Le t  z.  be  a 

s equence  in T~ converg ing  to 0 such  that  p-~'(z~) c o n v e r g e s  to x ~ p~ '(0) .  W e  

can a s s u m e  tha t  p-~'(nz~) conve rges  to y ~ p~ '(0) .  Then  for  m ~ Z by  choos ing  

a large we have  O ( x ) ( m )  = O(x(k) ) ,  = O(x,(z~ + k]) ) ,  = x~(r]  + nz~ + nk] )  = 

y ( r + n k ) =  y ( m )  where  m = nk + r  and O < - r < n .  T h e n  0 ( x ) =  y ~ p ~ ( 0 ) .  

PROPOSmON 12. I[  0 is a discrete subst i tu t ion o f  length n, then A~ ~ 5~g.. 

PROOF. Le t  z and z '  be  e l emen t s  of  To such that  z~ = z'~ for  i < N and such 

that  X o ( z ) = x s ( z ' ) .  Let  m E ( a ~ ( z ) , b ~ ( z ) ) ,  w = z + m l ,  w'=z'+mi, and 
N - I  i t to = 5~,=o w~n = Y,~-_-o ~ w i n :  ~ Pick r/ and r I '  b igger  then N so tha t  z,  and  z,, ~ I 

and set  ~ = Z~=o'-NZi+Nn ' and ~'  = E~=0"'-Nz 'i+Nn '. T h e n  Xo(w) = 0N(O"-S+*(0)D,, and 

Xo(w')  = 0N(0~'-N÷'(0)~,), by  L e m m a  7 a). No te  that  ~: and ~'  do not  depend  

upon  m, and  it suffices to show tha t  0"-N+'(0)~ = 0"'-N+'(0)~ ,. But  this fo l lows  by  

app ly ing  L e m m a  7 b) to X o ( z ) =  X , ( z ' )  i.e., m = 0 and c o m p l e t e s  the p roof .  

Le t  x, y E p~'(0) .  Because  A,  E 5eg. it fo l lows  that  x ~  y if and  only if 

x ( 0 ) ~  y(0) or x ( -  1 ) ~  y ( -  1). Suppose  y = O(x) and {z~} is a s equence  in Te 

such that  p - o ' ( z ~ ) ~  x. T h e n  f r o m  the p roo f  of  P ropos i t ion  11 we k n o w  tha t  

p-~ t (nz~)~  y. It is easy  to see that  there  exis t  N > 0  and a E{0,  1} such that  

0u+ ' (a )o  = x(0) and 0u+z(a)o = y(0) f r o m  which it fo l lows that  x ( 0 ) ~  y(0) if 

and only  if ao = 1  and  bo = 0 .  By a s imilar  ana lys is  for  - 1  we  get 

x ( -  1 ) ~  y ( -  1) if and only  if a._,  = 1 and b,_, = 0. T h e r e f o r e ,  0 has no fixed 

points  in p~*(0) if and only  if ao = 1 and b o = 0  or a . _ , =  1 and b . _ , = 0 .  

M o r e o v e r ,  it fo l lows  that  02 (x )=  x fo r  all x in p ; ' ( 0 ) .  Thus  X0 is the usual  

minimal  set  a s soc i a t ed  with 0 and p ; ' (0)  con ta ins  1, 2, or  4 points  acco rd ing  as 

0, n - 1 E I, 0 E I or  n - 1 E [ but  not  both ,  or 0, n - 1 E J. 

Suppose  0 E  L Le t  B = Ao + ~" where  ~" = n - 1 + Y~7f,(n - 2 ) n '  and let tO be 

the subs t i tu t ion  g iven by  tO(0) = a,a2.  • • a._~ao and tO(l) = b~b2. • • b,- tbo.  No te  

tha t  tO(a)~-~ = O(a)~ for  r > 0 and O(a)o = t O ( a ) . - ,  Le t  z = E~=oZm' wi th  z, E J 

fo r  i < N and zN E / .  T h e n  ON+~(O), = 1 if and only if z + /-IN C Ao if and only if 

= ~,~=ozin , z~ = z~ 1 fo r  z + ~ ' + U u C B  if and only if z ' + U N C B  where  z '  N , , 

i < ?4, and z k =  zN - 1 mod  n. On the o the r  hand,  0N÷~(0), = 1 if and  only  if 

tOu÷~(0)~, = 1, and it fo l lows  that  B = A ,  and X~ = X, .  Thus  we  k n o w  how to 

r ea r range  0 without  changing Xo so that 0 ~  J. 

It is obv ious  that  rep lac ing  A by  C i ( Z ( n ) \ A )  c o r r e s p o n d s  to rep lac ing  Xa 

by  its dual ,  and it is not hard to show tha t  C i ( Z ( n ) \ A , ) = Z .  where  
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49(i), -- O(i)r if and only if r ~ J. Hence by at most replacing X6 by its dual we 

can assume that 0 E  J and a~, = bi, = 0 where i' = min{ i~  J}. This is precisely 

the normal form of a discrete substitution as defined by Coven and Keane [2, p. 

100]. 

As a consequence of Theorem 2 and Proposition 12 we now have 

THEOREM 4. I f  0 is a discrete substitution of  length n such that 0 and n - 1 

are not both in J, then (Xo, tr) is a prime extension of  (Z(n) ,  !). 

EXAMPLE 3: Let  0 (0)=0010  and 0( ! ) - -1011,  and let 49(0)=0010 and 

4~(1) = 1010. Then it is easy to check that A,~ = Ae f 3 ( C I ( Z ( 4 ) \ A s ) +  1). It 

follows that A ,  can be 1-constructed from Ao and hence (X,, or) is a factor  of 

(Xo, o-) [8, theor. 2.4]. Since these two minimal sets have very different proximal 

structures, they can not be isomorphic. 

The remainder of this section is devoted to the classification problem. Coven 

and Keane [2, p. 100] showed that two discrete substitutions of the same lenght 

produce isomorphic minimal sets if and only if they have the same normal from. 

We will first show that this result follows from Theorem 1, and then use 

Theorem 3 to obtain a complete classification of substitution minimal sets on 

two symbols. 

LEMMA 8. Let  0 and 49 be discrete substitutions in normal form of  length n. 

If  Jo = J, and if there exists N such that UN fq Ae = UN fq Am, then 0 = 49. 

PROOF. Let  io be the smallest element in /, and consider z = ion N-'~. Then 

z + UN+~ CAe if and only if z +/-IN+, CA,.  Hence 0N+~(0L = 1 if and only if 

49N*2(0)z = 1. Because a~ = 0 = b~ this reduces to 0N+~(0)o = 1 if and only if 

49N+~(0)o = 1, and it follows that ON+~(a)o = 49N+'(a)o by Lemma 7b). Replacing 

io by any i in I we get ON÷'(O(O),)o = 0N÷~(49(0)~)o. Since ON+'(a)o = 49'~+~(a)o is 

a bijection of {0, 1} to {0, 1}, 0(0), = 49(0), Finally let j E J and repeat the 

argument with z = = jn N+' + ion ~'÷2. This gives ON+'(O(O)j)o = 49N÷'(49(O)j)o 

which implies O(O)j = 49(0),. Therefore ,  0 = 49. 

COROLLARY. Let 0 and 49 be discrete substitutions o f  length n. Then Ao = A ,  

if and only 0 = 49. 

THEOREM 5. Let 0 and 49 be discrete substitutions of  length n. Then (Xo, or) 

and (X,, tr) are isomorphic i[ and only i[ O and 49 have the same normal [orm. 

PROOF. Suppose (X0, tr) and (X,, tr) are isomorphic. Without loss of gener- 

ality we can assume that 0 and 49 are in normal form. By Theorem 1, Je = J ,  
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and A0 and Am are semi-dual, and so there exists N such that either 

UN f3 A6 = UN N Am or UN n A6 = U~ fq C i ( Z ( n ) \ A , ) .  It is easy to see that 

the latter can not hold because they are in normal form. Now we can apply 

Lemma 8 and conclude that 0 = ~b which completes the proof. 

A substitution of length n is called continuous if O(l) is the dual of 0(0), O(0) 

is not constant, and 0(0) is neither 0 1 0 1 . . . 0  or 1010- . -1  with n odd. A 

continuous substitution is in 

continuous substitution, then 

which contains exactly four 

others. Moreover,  X6 is not 

normal form if 0(0) starts with a zero. If 0 is a 

it is known that there exists a minimal set X6 in f l  

sequences such that OZ(x)= x and there are no 

almost automorphic.  

THEOREM 6. Le t  0 and ~ be discrete  or  con t inuous  subs t i tu t ions  in norma l  

fo rm o f  length n and m respectively.  Then (X6, or) and (X,, ~r) are i somorph ic  i f  

and only  i f  there exis t  pos i t ive  integers p and q such  that  n p = m ~ and O p = ~b q. 

PROOF. The " i f"  part is obvious. Suppose that (X~,o-) and (X,,or) are 

isomorphic. We distinguish three cases - -  I J6 I > l, 13"0 I = 1, and 0 is continuous. 

For dynamical reasons ~ must be in the same case as 0. Observe that the first 

case is an immediate consequence of Theorems 3 and 5. The third case will 

depend upon the second, and the second requires a careful analysis. 

Assume that 0 is discrete and I J61 = l and • is an isomorphism of (X6, tr) 

onto (X,, or). It follows that gb is discrete, J6 = {0} = J,. If there exist positive 

integers p and q such that n p = m q, then by Theorem 5, 0 p = ~b q because they 

are both in normal form. Moreover,  we can assume that 0 ( - ) = . B  and 

d , ( ' )  ="  C when B and C are non-constant n -  l and m -  1 blocks. So it 

suffices to prove the following iemma: 

LEMMA 9. L e t  0 ( .  ) = • B and rb(. ) = • C when B and C are n o n - c o n s t a n t  

n - l and m - 1 b locks  o f  O's and l 's. I f  (Xe, o-) and (X,, ~) are i somorphic ,  

then there exist  pos i t ive  integers p and q such  that  n p = m L  

PROOF. Let  • be an isomorphism of (26, tr) onto (X,, or). Replacing • by 

tr k . ~  for a suitable k, we can assume that p , . ~ =  ¢ ' p 6  when ~b is the 

canonical isomorphism of (Z(n) ,  l , )  onto (Z(m) ,  ira). Let  B = b , . . .  b,_t and 

C = c , . .  • cm-,. For  x E p~'(0) and k ~  0 we have 

(l) x ( k )  = x6(k  i,,) = bk, 

where k' is the first non-zero coefficient in the n-adic expansion of k. A similar 

formula holds for 4~. By Proposition 9 there exists a positive integer N such 

that UN N ~b-'(A,) equals UN N A0 or UN N C I ( Z ( n ) \ A 6 ) .  Since 
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C I ( Z ( n ) \ A )  = Ao, when 0 ' ( - )  --- • B '  and B '  is dual of B, and since X0, is the 

dual of Xo, we can assume that UN CI ~b- ' (A,)= UN N Ae. It follows that 

~ ( x ) ( k n  N) = x ( k n  N) for x E p 2'(0) and k ~ 0. Notice that the lemma holds for  O 

and 4) if and only if it holds for  0' and 4~ ~. Moreover ,  O i and 4~ j have the same 

form as 0 and 4) and thus (1) and its analogue for & hold for 0' and &J. We will 

assume that p and q do not exist and by a succession of replacements of the 

form O' for 0 and ¢h i for 4) derive a contradiction. 

First replace 0 by O N from which it follows that for x ~ p;~(0) and k #  0 

• ( x ) ( k n )  = x ( k n ) .  

Further replacements will not effect this equation. 

It is easy to see that there exist positive integers i and j such that m '  = dn I 

where d is a positive integer and there exists a prime p which divides m and n 

but not d. Our assumption that p and q do not exist guarantees that d ~  1. 

Replacing O by 0 i and ~b by ~b ~ we have m =d n .  

There exists an L > 0 such that no element of X~ containts a constant block 

of length greater than or equal to L. Choose/3  so that p~ > L. Without loss of 

generality we can assume that p~ divides n. Now choose 3' so that d ~ > n, and 

replace 4~ by 4) ~. Hence  m = ( d ~ n ~ - ' ) n  is the new relationship between the 

lengths of 0 and 4). For  simplicity let d = d ~ and then m = d n "  when 3' => 1, 

p ~ d, and d > n .  

Fix an x in p; ' (0) .  The goal of the last steps of the proof  is to show that C 

must contain a constant block of length greater than L. Since C appears in 

• (x), this will be contradiction. Let  d = do+ d , n  + . . .  + d,~n ° be the n-adic 

expansion of d and note that do~  0 because p does not divide d. Clearly 

(n, d) = (n, do) and hence n / ( n ,  do) > L.  Now let F = {1 ,2 , - . . ,  ( n / ( n ,  do)) - 1}. 

We want to compute ci for j ~ F. First observe that 

cj = ~ ( x  ) ( jm  ) = ~ ( x  ) ( jdn  ~') = x ( jdn  ~') = br 

where j '  is the first non-zero coefficient in the n-adic expansion of jd. To 

compute j '  note that j d = j d o + j ( d ~ n + . . . + d , n " ) .  If n ljdo, then jdo = 

k n d o / ( n ,  do) which implies that j ~  F. Using [. ] to denote the residue mod n, we 

now have 

Cj = btjdol 

for  all/" in F. 

Suppose 1 ~ i < n - do. So the n-adic expression for i + d is do+ i + d in  + 

• . .  + d,,n". Assume that m t in~;  i.e., in • = kin.  It follows that i = k d  > n which 

is impossible. Thus m ,~ in ~' and 
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b,+ao = x ( ( i  + d ) n  ~') = ~ ( x ) ( i n "  + m )  = ~ ( x ) ( i n " )  = x ( i n " )  = b~. Now sup- 

pose  that n - do < i < n. We can write i = n - k where 1 - k < do and [i + do] = 

[ n - k + d o ] = d o - k .  A s a b o v e m  , ~ k n  and 

bao-~ = x ( ( d  - k ) n  ~') = ~ ( x ) ( m  - kn  ~') = ~ ( x ) ( -  k n  ~') = x (  - k n  ~') = b, 

Combining these equations for  b, we have 

b~ = bt~+doj 

provided that i ~  n - do. It is easy to check that the first j such that  [jdo] = 

n - do is n / ( n ,  do). Therefore ,  for  j E F 

which is the desired contradiction.  

For  the third case - -  0 and th discontinuous - -  we associate  with them 

discrete substi tutions 0'  and 4~'. The exact  formula  for 0 '  and 4~' can be found 

in [2, p. 101] and they are the type with I J I  = 1. The important  facts  which are 

easy to check are that Xo, is up to i somorphism the only non-equicontinuous 

fac tor  of Xe and that 0 can be reconstructed f rom 0' .  Thus Xo. and X,, are 

isomorphic  and there exist integers p and q such that n p = m L  It follows that 

0 p and 4~ q produce  isomorphic minimal sets and then (0P) ' and (4~)  ' have the 

same normal  form. F rom here one checks  that 0 ~ either equals ¢h ~ or its dual, 

and since 0 p and ~q are in normal form, 0 p must equal ~q. 

Theorem 6 together with Theorem 5 provides a finite process  for  determining 

whether  or not two substitutions produce isomorphic minimal sets. Le t  0 and 

be two substitutions of length m and n. Without loss of generality we can 

assume they are in normal form. First factor  their lengths into primes.  Unless 

exact ly the same primes appear  in both n and m the minimal sets are not 

isomorphic.  For each prime appearing in n (and m)  find the ratio of the number  

of times it appears  in n to the number  of times it appears  in m. Unless this ratio 

is the same for  all primes appearing in n the minimal sets are not isomorphic.  

Assuming this ratio is constant ,  let p be the denominator  and let q be the 

numerator .  Then n p = m q and both 0 p and 4~ q are in normal form. Unless 

0p __ ~4 the minimal sets are not isomorphic by Theorem 5. 

EXAMPLE 4. Let  n = 4, let 0(0) = 0101 and 0(1) = 1001, let ~b(0) = 0001 and 

~b(l) = l l01,  and let A =(Ao N U o ) L J ( A ,  N i +  Uo). It is easy to check that 

A ~ Sere, with JA = J0 = J ,  = {0, 1}. Using the kind of argument  in the proof  of 

L e m m a  8, it can be shown that if (XA, 0") is isomorphic to a substitution 7/ in 
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normal  form,  then 0 p = ~b p for s o m e  p. There fore ,  there are subst i tut ion- l ike  

minimal  sets  w h i c h  are not i s o m o r p h i c  to any subst i tut ion minimal  set .  
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