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SUBSTITUTION-LIKE MINIMAL SETS

BY

NELSON G. MARKLEY"

ABSTRACT

Substitution-like minimal sets are a class of symbolic minimal sets on two
symbols which includes the discrete substitution minimal sets on two symbols.
They are almost automorphic extensions of the n-adic integers and they are
constructed by using special subsets of the n-adics from which the almost
automorphic points are determined by following orbits in the n-adics. Through
their study a complete classification is obtained for substitution minimal sets
of constant length on two symbols. Moreover, the classification scheme is such
that for specific substitutions the existence or non-existence of an isomorph-
ism can be determined in a finite number of steps.

One natural way to construct symbolic minimal sets is to look for recursive
processes which generate almost periodic sequences. This is how Morse
constructed the sequence which now bears his name (see [11, pp. 95-96)). He
was aware of the fact that his sequence was invariant under a substitution, and
in Oldenburger’s notes it is defined using the usual substitution [12, p. 24].
However, Gottschalk was the first to systematically study substitutions as a
recursive method for constructing almost periodic sequences. The ideas which
he developed in “‘Substitution minimal sets’” [4] are already apparent in a
slightly earlier paper of his [3]. Since then a number of people have contributed
to the theory of substitution minimal sets including Keynes [6], Coven [1,2],
Keane [2], Klein [7], and Martin [9, 10].

The idea behind our work was to see if we could obtain some new results
about almost automorphic substitution minimal sets by using the characteristic
sequence point of view which allows the study of all of the almost automorphic
sequences in a symbolic minimal set simultaneously [8, sect. 1]. If A is a subset
of the group of n-adic integers, denoted by Z(n), then we consider sequences
of the form x (k) = ya(z + k1) where x4 is the characteristic function of A, iis
the canonical generator of Z(n), k is an integer, and z is a fixed element of
Z(n). By imposing certain recursive properties on A we obtain sequences
whose orbit closures have substitution-like properties. In other words, we are
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constructing almost periodic sequences which are indirectly defined by a
recursive process. The central portion of this paper is devoted to the study of
these substitution-like minimal sets.

In the last section we obtain two new results about substitution minimal sets
on two symbols. First, most of them are prime extensions of their maximal
equicontinuous factor; i.e., all their factors are equicontinuous. The exceptions
to this have at most one non-equicontinuous factor. Second, two such
substitutions ¢ and ¢ of length n and m which are in normal form in the sense
of Coven and Keane produce isomorphic minimal sets if and only if there exist
positive integers p and g such that n® = m? and 6” = ¢ This is an extension
of the classification theorem given by Coven and Keane (2], and in the course
of proving our result we give a new proof of their theorem.

Although our work partially supersedes the work of Coven and Keane, we
are indebted to them for many valuable clues. We also wish to thank E. Coven
and M. Paul for helpful conversations while this work was in progress.

Introduction

Let € = {0, 1}* with the product topology where Z denotes the integers. We
denote the nth coordinate of x € 1 by x(n), and we define a homeomorphism o
of Q onto by ox(n) = x(n + 1). The transformation group ({1, o) is called the
shift dynamical system on two symbols. Within (£, o) there is a vast array of
minimal subsets.

The almost automorphic minimal subsets of ({1, o) can be constructed by the
following process. Let G be a compact metric topological group written
additively. We assume that G is monothetic; 1.e., there exist g € G, called
generators, such that {ng: n € Z} is dense in G. Let (G, g) denote the minimal
equicontinuous transformation group determined by z — z + g. We define a
collection of subsets of G as follows:

€(G)={ACG:Cl(IntA)=A,3A#T,andA+z=A > z =0}

(Cl, Int,d denote the closure, interior and boundary operators respectively.) Fix

A € €(G) and g a generator of & and set T, = G\ U;-_. 34 + ng which is

not empty by the Baire Category Theorem. We define an x in {) by the formula
x(n) = ya(z + ng)

where y, is the characteristic function of A and z € T, and we callsuchan x a
characteristic sequence. We will briefly recount the essential properties of
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these sequences. A complete discussion of them can be found in the first
section of [8]. Let X, = ClO(x)) where 0(x)={c"(x):n € Z} and denote o
restricted to X, also by 0. Then (X4, o) is an almost automorphic minimal set
which is independent of the choice of z € T,. Moreover, there exists a
homomorphism p, of (X4, o) onto (G, g) with the following properties for
X,y € Xa:

a) pa(x)=pas(y) if and only if x and y are proximal.

b) x is a characteristic sequence if and only if p,(x) &€ T, if and only if
pa ' [pa(x)]={x}.

¢) If x is a characteristic sequence, then x(n) = ya (pa(x) + ng). In particu-
lar x(0) = 1 if and only if p.(x) € A.

Every almost automorphic minimal subset of ({2, o) which is not a periodic
orbit can be described in this way.

Throughout the rest of this paper we will assume that G is zero-dimensional.
Characteristic sequences over zero-dimensional groups have been studied but
under different names. A sequence o € () is called a regularly almost periodic
point of (Q, o) if given any neighborhood V of o there exists a proper
subgroup H of Z such that 6"(w) € V for all n in H. Given w € Q) suppose
there exists a collection of pairwise disjoint arithmetic progressions {T;} whose
union is Z such that n,m € T; implies w(n)= w(m), then v is a Toeplitz
sequence. Moreover, if the T, can be chosen so that %, 1/q; =1 where
T.={ri+ kq:k € Z}, then o is a regular Toeplitz sequence. Toeplitz se-
quences were first investigated by Jacobs and Keane using different definitions
[5]. The above definitions are from Coven and Keane [2] and it is easy to check
that they are equivalent to the original ones.

ProrosiTioN 1. Let x € Q. The following are equivalent :

a) x is a Toeplitz sequence.

b) x is a regularly almost periodic point.

¢) xis a characteristic sequence constructed on a zero-dimensional group or
a periodic sequence.

Proor. First let x be a Toeplitz sequence with arithmetic progressions {T:}.
We may as well assume that x is not periodic and the T; are indexed by the
positive integers. Let T; = {r, + kq.: k € Z}, let m; be the least common multiple
of {q\,- -, q} and let

B; ={w EQ:w(i)=x(j)VjE[—m,-,m,~]ﬂ(U T,)}

k=i
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Then M-, B; = {x} because m; = » as i - ®, ¢*(x) € B; if m; divides k, and x
is regularly almost periodic.

Now let x be a regularly almost periodic point in ({2, o). The trace of x is {x}
and hence on X = CI(0(x)) the equicontinuous structure relation coincides
with trace relation and the proximal relation [4, theor. 1.08 (4)]. From this point
it is easy to see that x is an almost automorphic point of (Q, o) and thus a
characteristic sequence. The maximal equicontinuous factor of (X, o) is
zero-dimensional by [4, theor. 1.15 (5)].

Finally, let x be a characteristic sequence determined by A € €(G) with G
zero-dimensional, and let {U,} be a sequence of open-closed subgroups of G
suchthat N U, ={0}. Set V,={z: U,+zCA}land W,={z: U, +z CG\ A} If
V. and W, have been defined, thenset V,,,={z: U, +z CAN (UL, V)} and
Wi ={2: Uesr + 2 C(G\VA)N (U L, W)} Observe that IntA = U7, V; and
G\ A = U7 W. Let i(n) denote the index of U, in G. Suppose that z = p,(x)
and z+mge U, +wCA or G\ A. It then follows that z+mg + ki(n)g C
U.+w for all k in Z because U, = Cl({ki(n)g:k € Z}). In other words,
x(m)=x{(m + ki(n)) for all k € Z.

We will now define the arithmetic progressions for x inductively. First
z € V, or W, for some unique n, call it n,. Set T, = {ki(n,): k € Z}. Choose m,
with | m;| minimal and m, & T,. There exists a unique n such that z + m,g € V,
or W,, call it n,, and set T, = {m,+ ki{(n,): k € Z}. Continuing this way we
define {T:}7-, such that x(m)=x(m’) if m,m’ € T.. It is easy to check that
Ui Ti=Zand TNT, =0 if i#].

The equivalence of a) and b) is not new. The interesting thing is the proof of
c) implies a) because it constructs arithmetic progressions for a Toeplitz
sequence x which are intimately connected with the structure of the maximal
equicontinuous factor of (Cl1(0(x)), o). Moreover, notice that our construction
gives progressions such that 1 - 27, 1/q; = u(dA) when w is normalized Haar
measure on G.

ProrosITION 2. Let x be a regular Toeplitz sequence. If x is a characteristic
sequence of A € €(G), then u(sA)=0.

Proor. There exist arithmetic progressions {T:}7-, for x such that

27.11/qi = 1 where as usual T, = {r, + kq;: k € Z}. It suffices to show that for all
Jez

;l/q.- <u(IntA)+ p(G\ A).

The progressions T; with i = J can all be written as unions of progressions with



336 N. G. MARKLEY Israel J. Math.,

modulus the least common multiple of {q,, - -, ¢;} which we denote by m. So
we have U .o, Ti = U, T: where Ti={r.+km:k € Z}. Let

U=Cl{kmg:k € Z}).

Then U is an open closed subgroup of G of index M which divides m. If
m = dM, then we have at least p/d distinct cosets U + p.(x) + rig. Therefore,

;vqi =p(1/m)=(p/d)(1/M) < p (Int A) + n(G\ A).

CoroLLARY. The regular Toeplitz sequences which are not periodic are
precisely the characteristic sequences determined by some A € €(G) such that
G is zero-dimensional and u(8A)=0.

It is true in general that w(3A) =0 implies that (X4, o) is uniquely ergodic
and p, is an isomorphism in the sense of ergodic theory. Thus the following is
also a consequence of Proposition 2:

CororLLARY (Jacobs and Keane [5]). If x is a regular Toeplitz sequence, then
(C1(O(x)), o) is uniquely ergodic and has discrete spectrum.

We want to investigate regular Toeplitz sequences whose orbit closures have
dynamical properties similar to substitution minimal sets. Our approach is to
identify and use the properties of A, an element of €(G), which guarantee this.
The first condition we impose is that G be an n-adic group. The rationale for
this is a theorem of Gottschalk {4, theor. 3.49]. We conclude this section with a
few remarks about these groups.

For an integer n =2 let Z(n) denote the additive group of n-adic integers;
that is

Z(n)={Zz.~n":z,»=0,1,~-,n—]}.
i=0

Let U, ={z € Z(n): z; = 0 for i = k}. With the U, as a neighborhood base at 0,
Z(n) is a compact metric topological group. Moreover, each U, is an open and
closed subgroup of Z(n) of index n**'. As usual denote the integers mod m by
Z,. There is a canonical homomorphism yy of Z(n) onto Z, given by
ww(Eozn') = S5 zn  (mod n™). Let 1, = Z7_,zn’ where z,=1 and z =0 for
i = 1. When there is no danger of confusion we will simply write 1. It is easy to
check that m — yn(m1,) is the canonical homomorphism of Z onto Z and
that 1, is a generator of Z(n). It can be shown that there is a homomorphism of
(Z(n),1,) onto (Z(m), 1,.) if and only if every prime dividing m also divides n.
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In particular, (Z(n), i,)and (Z(M),1,,) are isomorphic if and only if they have
the same prime factors.

Deterministic sequences

Let A be a closed subset of Z(n) for which there exists a proper subset J of
{0,---,n — 1} such that the following conditions are satisfied:

) If z=S%7zn'€Z(n) and z €J for i <N and zv& J, then either
z+ UNCA or z+ Uy CZ(n)\A.

2) Ifz=37,zn' € Z(n)and z; € J for i = N, then z + Uy meets both Int A
and Z(n)\ A.

Lemma 1. If A satisfies the above, then 3A = {E7ozn':z, € J for all i}.

Proor. Since Z(n)=IntA UdA U(Z(n)\ A), it suffices to prove that
Int A U(Z(n)\NA)={z =2 0zn': z& J for some i}. It is clear from,1) that the
right side is contained in the left. Let z =37_,zn' € Int A. For some N,
z+ Uy CA which implies that z&J for some i =N by 2). Likewise if
z €E Z(n)\ A.

LemMA 2. Let A satisfy theabove andlet z’ =n — 1+ 27 (n —2)n' If O & J,
then A + 7' satisfies 1) and 2) with J'={j - 1:j € J}.

Proor. Compute z'+z + Uy when z = Z7_,zn’ with z; €J for i < N.

ProposiTioN 3. Let A satisfy 1) and 2) with respect to J. Then A € €(Z(n)).

Proor. By Lemma 1 dA # & and by Lemma 2 we can assume that 0 € J. Itis
clear from 2) and Lemma 1 that Cl(Int A) = A. Suppose A +z = A. Then
A +2z = 93A and by Coven’s Lemma z = m1 [1, p. 131]. Now we can assume
that z = ZXozn' + n™*" which implies that j+ 1€ J if j €J and j# n — 1. This
brings us to the contradiction J ={0,---,n — 1}.

Thus conditions 1) and 2) determine a subclass of €(Z(n)) which we will call
deterministic and denote by %2,.. Given a complete description of A in 9, and
the coefficients of z € Ty, it is possible, as we shall see at the end of this
section, to determine by direct computation as much of the sequence p:'(z) as
we want. This property and condition 1) suggest the name.

Let n=5,J={0,1,2}, z=37.0zin’ where z;€J for i <N and zy& J. The
following are examples of sets in %@s.

ExampiE |1 Let W= U{z+ Ux:ZX,zn’ is an even integer, z, €J for
i < N, zn& J} and then set A = CI(W). In other words, A is a closed set such
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that z + Uy is contained in A or Z(5)\ A according as Z[L,zin’ is even or odd if
z€J fori< N and zy& J. Because 3 and 4 are in {0, 1,2,3,4}\J it is easy to
check that 2) holds. Thus A € 9.

ExampLE 2: This time define A so that z + Uy is contained in A or
Z(5)\\A according as zy_, is even or odd with the usual conditions on z.

ProrosiTiON 4. Let A, B € &, and suppose that 0 € J, N Jp. If (X4, 0) and
(Xg, o) are isomorphic, then I, = Jg.

Proor. There exists z € Z(n) such that Ta+2z =Ty Letting E, =
Z(n)\Ts = A + 1 we also have E. + z = Eg. If we can show that z = m 1, then
it follows that J, = J.

Assume z& Z1 and pick g in {0, --,n — 2} such that q appears infinitely
often in z. Then following Coven {1, pp. 131-132] we see that [q + j] € Js for all
l € J, where [-] denotes the residue mod n. Applying the same reasoning to
Epg —z=E, weseethat[n ~q —1+j']€ J, forall j’ € Jo. Combining these we
have [[q +jl+n—q—11€J, forall jE€Js orjin J, implies [(n — 1) +j]E Ja
which yields the contradiction J, ={0,---,n —1}.

In view of LLemma 2 and Proposition 4 we now make the standing assumption
that 0 € J, whenever A € 9,.

Given z in Z(n) and N > 0 there is a certain interval of integers m such that
z+ml and z have the same coefficients for i = N. These intervals will play a
basic role in our theory. Their relevance for substitutions was discovered by
Coven and Keane {2, theor.1, p. 95]. In the next few results we will describe
their properties.

ProPOSITION 5. Let z =37_qzn’ and let N = 1. Set an(z) = — (1 + 23 zin')
and bn(z)=n"—-3INJ'zn'. Then as m ranges through the integers in
(an(2),bu(z)) z+ m1=3"owin’ has the following properties :

a) wi=zforizN

b) =N'win' takes on all integer values in (—1,n").

Proor. If we establish a) and check that (an(z), bn(z)) contains n” inte-
gers, then b) follows because TN 'win’ would assume n" different values
(z+mi=z+m'lif and only if m = m’). To prove a) we need the following

lemma:

LemMa 3. Let b =2 bin’ be a positive integer where 0= b, <n. Then
0<m<b if and only if m =3I omn' where the m; satisfy the following
conditions:
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a) 0=m <n
b) some m;#0
C) there exists | = N such that m; < b, and m; = b, for  <i =N.

Proor. Assume 0 < m < b. There is an expression for m such that a) and b)
10ld. Because min' =m < b <n™*' it contains at most N terms. Suppose
My > bn. Then b = n™ — 1+ byn™ <mun™ =m. If m; = b, for j <i = N, then
Slomin’ =%l obn’ and we can repeat the argument on m,.

For the converse note that without loss of generality we can assume that
My < bn. Then m =n™ — 1+ mun™ =(my + Dn™ — 1< bym™ = b,

ProoF of a). First we consider m in (0, by(z)) and we rewrite by(z2):

=0

N-1 N-1 N-t
bu(z)=n—= X zn'=> (n—=Dn'+1- > zn'
- i=0 i=0
=(n—zp)+ zl (n—z—Dn'.
By Lemma 3, m = Z'mn’, 0=m, <n such that m;=n—z —1forj<i<
N&m; <n -z —1. Therefore, the jth coordinate of z+mi is at most
m; +z; + 1 < n and the ith coordinate for j <i <N is M;+z =n —1<n. The
N — Ist coordinate of z + m1 is at least my_, + zn_, and the Nth coordinate of
z+ml is zx. Therefore, a) holds for 0 < m < bn.
For an <m <0 apply the above to —z=n—-2z,+3(n—1-2z)n" and
0<m <bu(—2)=1+3'zn' = — an(2).

REMARK.
a) If z # 0 for infinitely many i, then an(z) decreases to — .
b) If z;# n — 1 for infinitely many i, then by(z) increases to co.

CoOROLLARY. Letz,w € Z(n). If z; = w, for all i Z N Z 1, then there exists m
in (an(z),bn(2)) such that w =z + m1.

Proor. There are at most n™ elements like w given z. By Proposition 5,
z + m1 with m € (an(2), ba(2)) produces n™ of them.

CoroLLARY. Let z€Z(n). If m € (an(z),bn(z)), then (aN(z+mi),
bu(z + m1)) = (an(z) — m, bn(z) — m).

Proor. Using the homomorphism vy it is easy to see that by(z + m1) and
bn(z) — m are congruent mod n®, and then note that 0 is in both intervals.

Suppose A € 9,,0€ J, and z € T,. Then to compute x = p,'(z) on [ M, M]
one proceeds as follows:
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D Find N such that anv(z2)< — M <0< M < by(2).

II) Find m such that z,,&J and m = N.

ITI) Determine whether Zf_ow:n’ + U, is contained in A or Z(n)\ A when
p=m, w,&J and w, €J for i <p.

IV) For g in (am(z), bm(2)), x(q) = xa(Smoezn‘ + q1) and this data was
determined in [I1).

Let m and n have the same prime factors. Then there is a unique
isomorphism ¢ of (Z(n), i,)onto (Z(m), 1,.) such that a//(i,‘) = 1,.. Moreover, U
is an isomorphism of topological groups.

PrOPOSITION 6. Let A € D, with J,#{0}. If y(A) E D, then there exist p
and q such that n® = m“.

Proor. In the next section we will prove a more delicate theorem and point
out how the techniques can be applied to this proposition.

Substitution-like minimal sets

In this section, which is the heart of the paper, we will define substitution-like
minimal sets, consider the isomorphism problem within this class, and deter-
mine their factors.

Let A € @,. We say A is substitution-like provided that given any N > 0 and
any two points z = Z70zn’ and z' =Z70zin’ in T, such that z; = z;€ J for
i < N, then ya(z + mi)=XA(z’+mi) for all m in (an(z),bn(2)) if xa(z)=
xa(z’). The collection of substitution-like elements of @, will be denoted by
F¢,, and if A € ¥€, for some n =2, then (X,, o) is a substitution-like minimal
set. Example 1 is substitution-like and Example 2 is not.

We denote the cardinality of a finite set F by | F|.

PROPOSITION 7. Let A €E F€. If n —1 & J, then |p.(z)| =2 forall z € 4A. If
n—1€J, then |pi(z)|=2 for all 7€ IANZ] and 3=|pA(0)|=4.

Proor. Let x,y € p.'(z) such that x(0) = y(0). There exist sequences of
almost automorphic points {x.} and {y.} converging to x and y. Let z = £7.,zin’,
pa(x) =& =3o&an’, and pa(y) = &= Z-olun’. Given N >0 pick k so that
xc=x and y, =y on (an(z),bn(2)), and & =z =, for 0=i=N. On
(an(z),bn(z)) we now have x(m)= ya(& +ml) and y(m)= xallu +ml).
Because A is substitution-like and x(0)= y(0) it follows that x =y on
(an(2), bn(2)). If z& Z1, then an(z)— —® and by(z) > as N—>oand x = y
independent of where n — 1 is. When z € Z1 we may as well assume that z = 0.
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Since bny(0)— o, x(m)=y(m) for m=0. For x,y € p3'(0) with x(—1)=
y(— 1) we have x{m)= y(m) for m <0 because anx(— i)—>—00.

We know that there exist x and y in p3'(z) such that x(0) # y(0). By the
above it follows that p3'(z) = {x, y} unless z € Ziandn—1€J. If z=0and
n —1€J, then it is clear that |[p,'(0)|=4. Let g be the smallest integer in
{0,---,n—1} which is not in J. If n—-1€J, then there exist & =
gn* + 27 é&an’ and Lo = qn* + 27, Lan® in T, such that

Xa (& —1)75)@(& “i)

1t follows that there exist x,y € p.Y0) such that x(0)=y(0) and
x(— 1) # y(—1). Therefore, 3=|pi'(0)| if n—1€&J, which completes the
proof.

CoroLLARY. Let x,y Epa'(z) when z& T.. Then x =y if and only if
x(m)=y(m) for some m such that z + m1 € dA provided that either z & Zior
n—-1&1J

It is easy to check that the following are true for A € ¥¢,:

a) If n — 1€ J, then p:'(0) consists of a pair of negatively asymptotic points
x and y such that x(m)= y(m) for all m <0.

b) If n—1&1J, then pi'(n) consists of a pair of positively asymptotic
points x and y such that x(m)=y(m) for all m>0. u = Sr oimz’ and
ju = max {j € J}.

¢) If n—1€& ], then p.'(0) contains at least one pair of positively asympto-
tic points and at least one pair of negatively asymptotic points.

d) Let x,y €pa'(0). If n —1€J, then the following are equivalent:

i) x and y are positively (negatively) asymptotic

ii) x(m)=y(m) for some m =0 (m = — 1) such that mic A
i) x(0)=y(0) {x(—1)=y(- 1}

iv) x(m)=ym)foral mz0(m=—-1).

e) Let x,y €pa'(z) where z& T.. If x and y are positively (negatively)
asymptotic, then z = ¢ + mi (z = m1) for some m in Z

Let A and B be elements of $¢, with J, =Js =J. We say A and B are
semi-dual if there exists N >0 such that for each z = Z7_,zn’ with z; €J for
i = N we have one of the following:

ANQGE+UO=B N+ Uy
A m(Z+UN)=Bon(Z+UN)
where B,=Cl{(Z(n)\ B).
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THEOREM 1. Let A, B € $¢,. Then (X4, 0) and (X, o) are isomorphic if
and only if J, = Js and A and B are semi-dual.

Proor. Suppose ¢ is an isomorphism of (X4, o) onto (Xs, o). From e) it
follows that pa(d(x)=mi if x € pai0). Replacing ¢ by ¢™™ ¢ we can
assume that pg - ¢ = pa. From Proposition 4 we know that J, = Js = J. Assume
A and B are not semi-dual. Then there exists a sequence of integers N, going
to infinity and a sequence ¢, in Z(n) converging to { € dA such that {; € J for
i = N, and £ + Uy, does not satisfy either of the semi-dual equations. There
are exactly four ways that this can happen, and so without loss of generality we
can assume it happens the same way for all k. We will argue one of the four
cases, since they are all essentially the same.

We will assume that there exist z. and w, in A N({ + Uy,) such that
2 € BN(& + Uy )and w, & B N (& + Uy,). Clearly {z} and {w, } converge to {
as k —x. Because dA = dB we can assume z, w, € T, = Ty for all k. Letting
X« = pa'(z) and y, = pa'(w,) we can assume that x, > x and y, = y as k - ».
Note that x(0)=1= y(0) and ¢(x)(0)# $(y)(0). These equations have con-
tradictory implications; the specific contradictions are the following:

i If {EZi orn—1&J then x =y and ¢(x) # ¢ (y).

i) Ifn—-1€J and (= mi with m =0, then x and y are positively
asymptotic and ¢(x) and &(y) are not positively asymptotic.

iii) If n—1€J and {=mi with n <0 then x and y are negatively
asymptotic and ¢(x) and ¢(y) are not negatively asymptotic.

For the converse we will show that the canonical map of the characteristic
sequences of X. onto the characteristic sequences of X is uniformly
continuous. Let M >0 be given. There exists M, such that if x =y on
(— Mo, My), then d(pa(x),pa(M) <y =inf{d(z, Ux): z& Uy} where d is an
invariant metric on Z(n) and N is given by the definition of semi-dual. Note
that d(z,z') < y implies z — 2’ € Un. Let M’ = M + M,. It is easy to check that
if x and y are characteristic sequences in X, and they agree on (- M’', M),
then pg'(pa(x)) and p&'(pa(y)) agree on (— M , M).

THeEOREM 2. Let A be substitution-like. If n — Y& J, then (X4, o) is a prime
extension (see [8, sect. 6]) of (Z(n),1).

Proor. Let R be a closed invariant equivalence relation on X, and let P be
the proximal relation on X,,which equals the equicontinuous structure relation
because (X,, o) is locally almost periodic. It suffices to show that P CR. We
will show that R# A implies RN P# A and A# R CP implies R = P.
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Suppose that R# A and RN P =A. Let (Y, ¢) denote (X4/R,a/R), 8 the
canonical homomorphism of (X4, o) onto (Y, ¢), and é the induced map of
(Z(n), i) onto (G, g) — the maximal equicontinuous factor of (Y, ¢). Without
loss of generality 6 is a group homomorphism. Let H = kernelof 6. If H = {0},
then RCP and R = RN P = A; thus H# {0}. Because R N P = A it is easy to
see that T, + H = T,. It then follows that H C Z1 [1, p. 131] and then H = {0}
because H is closed. We have shown that A # R implies R N P# A.

To show that A # R C P implies R = P it will suffice to prove the following
lemma:

LemMma 4. Let z and z' € dA such that z —z' € Z1, let X,y €Epa'(z) with
x(0) # y(0), and let x',y' € pa'(z’) with x'(0) # y'(0). If n — 1 & J, then there
exists a sequence {m,} such that (o™ (x), c™(y)) converges to either (x',y’) or
(y'.x").

Proor. For each N >0 there exist & and {~ in T, such that & = 2, = {n
for all { <N and that xx =pL'(&) and yu =pa'({n) equal x and y on
(an(z), bn(z)). Furthermore, there exists my in (an(z), bn(z)) such that £, =
zi=¢la for i<N where £L=¢&v+myl. Because A E P and
(an(2’), bn(2")) = (an(z) — My, by(z) — my) we have the following equival-
ences: xa(én)=yxa({n) if and only if y.(&v+m )= xa({n+tm 1) on
(an(z), bn(2)) if and only if x.(£4+m1) = xa({k+m1) on (an(2'), bu(2) if
and only if xa(&8)=xa({N). Thus xa(&€X)# xa(Zk). On the interval
(an(z), bn(2')) we now have o™ (x)(m) = x(m + my) = xa(én + (mn + m)i) =
xa(En+m 1) =x'(m) (renaming if necessary). A similar equation holds for y’
because p3'(z’) ={x', y'} and xa (£ # x4 ({ Q). If follows that ™ (x)—> x' and
o™ (y)—y’' as N —>x to complete the proof.

Note that we only used the hypothesis n — 1 & J to assert that p;'(z') =
{x’, y'} in the proof of Lemma 4 and that R plays no role in Lemma 4. Suppose
n—1&J Then we still have R# A implies RN P#A. If A# R CP, then
P[x] = R[x] when p,(x) & Z1 and there are at most two equivalence classes of
R in p2'(0). Moreover, it is easy to check that in the quotient proximal implies
doubly asymptotic. Therefore, if n — 1€ J, then either (X., o) is a prime
extension of (Z(n), i) or a prime extension of a prime extension of (Z(n), i).

ProrosiTION 8. If A € D, and J = {0}, then A € ¥¢.,.

Proor. Let z and z' € T, be such that z; =z/€ J for i < N. Hence z, =0
for i < N, and (an(z),bn(2)) =(—1,n"). For0<m <n" z+miand z' + mi
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have the same coefficients for i < N at least one of which is non-zero. Then
xa(z + ml)=xa(z'+ mi) for 0<m < n".

THeEOREM 3. Let A and B be elements of €, and ¢, such that dA # {0}. If
(X4, 0) and (Xs, o) are isomorphic, then there exist positive integers p and q
such that n® = m?*.

Proor. Let ¢ be an isomorphism of (X4, o) onto (Xs, o). Clearly 4B # {0}.
Because p.'(0) and p3'(0) have special dynamical properties we can assume
that ¢(p 2'(0)) = p3'(0) by replacing ¢ by a* - ¢ for some suitable k. It follows
that the isomorphism of (Z(n), 1,) onto (Z(m), i,.) induced by ¢ is the group
isomorphism . Therefore n and m have the same prime divisors.

The next lemma will show that near 0, A = dB. In proving this lemma we
will make use of the standard metric for {) given by d(x,y)=0if x =y and
d(x,y)=1/(q+1) for x#y where g =min{|i|: x(i) # y(i)}.

LemMa 5. There exists I such that z =27, zn' € A implies y(z) € 4B.

Proor. Pick I such that d(¢(x), d(y))<1/4 whenever x =y on (—n', n’)
and such that p.(x)€ T.a N U, implies x(k)=x'(k), k = —1,0, for some
x'€Epa(0). Let z=Z7_zn' € dA with z,#0 and [ > I, and let x,y € p,'(2)
such that x(0) # y(0). It suffices to show that ¢ (x)(0) # & (y)0).

There exist { and ¢’ in Z(n) suchthat i =z = fori=1; (' € Ta N Us;
and ya({ +m i,)=x(m) and xa(l'+m i,) = y(m) on (an(z), bn(z)) with N =
I[+1. It is easy to check that anx(z)< —n', by(z)>n', b({)>n’, and
a,({ —1,) < = n". Therefore, there exist x’ and y’ in p '(0) such that x = x’ and
y=y'on(—n',n").Nowx'(0)# y'(0) implies that x'and y’'and hence ¢(x")
and ¢(y’) are not positively asymptotic. Thus ¢ (x')(0) # &(y')(0). We now
have 1=d(¢(x"),d(y")=d(d(x),d(x))+d(d(x),d(y))+d(d(y), d(y' )<
1/4+ d(¢(x), d(y)) + 1/4, which implies that d($(x), ¢(y)) > 1/2 and hence 1.
It follows that ¢ (x)(0) # ¢(y)(0) and the proof of the lemma is completed.

CoroLLARY. There exists an open and closed neighborhood V of the identity
in Z(n) such that y(3A N V)= 4B N (V).

LEMMA 6. Let m and n be positive integers with the same prime factors, let
be a positive integer less than m, and for each positive integer i let
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where 0=k =n -1, k,,, #0,and k,, # 0. If there are no positive integers p and
q such that n® = m?, then

l]i_{r;o(i)—)\(i) =,

Proor. Suppose there exists an increasing sequence of positive integers
{i,}5-: such that o(i,) — A(i,) = M for some M. Then jm' = n* I, (n — Hn' =
n*Sn™ -1 if i =i, forsome y. Let n=p¢---p>and m =ph---p% where
the p; are primes and the e and f; are all positive. Since n*®’ = k,,,n*"’ = jm’,
for i =i, we have

jm’
nA(i)

1= = jpiliA@e. .. plAde < M

Because n*” divides jm' there exists P such that for all i, P < if, — A(i)e, when
1=t =s. It follows that there exists Q such that for | =¢ = s and for all i, we
have

P=if —Adi,)e = Q.

By dividing by i, and letting y go to infinity we find that for 1=t =5

= im 5.
which implies that there exist positive integers p and q such that n” = m<.
We can now complete the proof of the theorem. Assume that there do not
exist positive integers p and g such that n” = m“ Let V be given by the
Corollary of Lemma S. There exists N such that z =37_yzn' implies z € V
and w =27 ywim' implies w € (V). Pick j'=0in J, C{0,---,m — 1}. As in
Lemma 6 write

j'm'= (i) kn'.
=A@
Note that A(i)—> as i >» because in Z(m) lim,_.j'm' =0 and because
$(1,)=1,. Choose i so that i > N, A(i)> N, and o (i) — A(i) > 3.

Consider z = jon*® + jn*@*" with j,,j, € J.. Since zEJA NV, z =M wm'’
with w;, € Jy for all i Observe that jon* P+ jint O =
(n =D P+ (n = Nn*O" = gt O g r O 292 2 pet o pe vy i With-
out loss of generality we can assume that m < n and then n°® < j'm’ <m'™'
implies that n°®“'<m' It follows that M <i Consequently w =
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SMowm' +i'm €IBNY(V)=y(ANV) and {(=y¢ (W)EGANV. By
choosing z in various ways we will obtain the contradiction J, ={0,---,n — 1}.

First let jo = k.., and j, = 0. This forces all multiples of k,, taken mod n to be
in Ja. In particular, n — k,, € Ja. Similarly, if k,),, # 0, then n — k1 € J, by
taking jo=0 and j, = k... Next let jo=n —k.,i and j, =0 or n — ky
according as k.q,.; is or is not zero. It follows that 1 € J,. Finally letting jo=1
and j, =0, we see that J, ={0,---,n —1}.

ProrosITION 9. Let A € ¥¢, and B € ¥¢,. and suppose that A ={0}. If
(X4, 0) and (Xs, o) are isomorphic, then there exists N such that Uy N A =
UsNy™'(B) or Uy NCH(Z(n)\A)= Uy N~ '(B) where s is the canonical
isomorphism of (Z(m),1,) onto (Z(m),1.,).

Proor. Let ¥ be an isomorphism of (X4, o) onto (Xs, o). Clearly 3B must
also be {0} and if x € pA'(0), then ps - ¥(x) = ki, Replacing ¥ by o™ ¥
yields pg - ¥ = ¢ - po. Now let B’ = ¢ '(B), and notice that X5 = X3, dB' = {0}
and T, = Tw.. The method of proof is now very similar to that of Theorem 1.

First we show that there exists N, such that for every coset z + Uy # Uy
with N > Nyand z + Uy CUn,eitherz + Uy CB'or z + Uy CZ(n)\ B’. If this
were false there would exist sequences {&} and {£.} in T. converging to 0 such
that {&} C B’ and {{.} C Z(n)\ B’ and such that x, (0) = y,(0) where x. = p'(&)
and y, = pa'(&). We can assume that {x,} and {y.} converge to x and y. It
follows that x,y €pi:'(0) and x(0)=y(0), and hence x =y Since
V(x, }(0) # ¥(y.)(0), we have the contradiction ¥(x) # ¥(y).

To finish the proof we can proceed exactly as in the first half of the proof of
Theorem 1 because the above shows that B’ is substitution-like in Uy, and
dA’ = 3B’ = {0} C Uy,.

We conclude this section with an outline of the proof of Proposition 6.
Instead of LLemma § all we need is the observation that 3y(A) = ¢(3A). Since
Lemma 6 is number theoretical, we have it at our disposal. Now we can use the
same technique to show that J, ={0,1, -, n — 1} with V = Z(n).

Substitutions

A substitution of length n(n = 2) is a map 0 of {0, 1} into the n-blocks on 0
and 1. Let 6(0)=a.a,---a,_, and 68(1) = bob,- - b,-; and let 8(i), = a, or b,
according as i =0 or 1. The substitution 6 induces a continuous map 6 of Q
into Q by 8(x)(m)=6(x(k)), where m =kn +r and 0=r <n. The general
problem for substitutions is to determine the dynamical properties of Cl(0(x))
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where 6(x) = x. In this section we will present some new results of this type
which follow from our results on substitution-like minimal sets.

Let A be the map on 2-blocks given by A(pqg) = 6(p).-16(q)o. The number of
points x € ( such that 8(x) = x equals the number of fixed points of A. It can
happen that A has no fixed points; for example, §(0) =11 and 6(1) =01. To
prevent this one usually replaces 8 by 8 [2, sect. 3], but we will not do this.

For a substitution 6 of length n let I ={i:a; = b;} and let J ={j: a;# b;}. We
say 0 is discrete provided that a)I# J,b)J# &, and ¢)a;# 0 for some i and
b; # 1 for some i. Henceforth, we will assume that 6 is a discrete substitution.

We will need the following formulas, which are easily established.

Lemma 7. Let m =Zomn’ € Z with 0=m, <n.

a) OV N(a)m =00 O(U()mpdmp-, " I

b) If mi €1 for all k, then §~'(0),, # 6V"'(1)....

c) If me €1, then 8% '(a),, is independent of m, for k > k’.

We now associate a closed subset of Z(n) with 8. Let z =Z{,zn' € Z(n)
with z; € J for i < N and zy € I. Because z is also a positive integer 7*'(0),
makes sense. Let

N
A, = Cl[ U {z +Un:z=2 zn' withz €J © i < N&O*'(0), = 1}]
i=1

It is clear that with z as above z + Uy is contained in Ay or Z(n)\ A,
according as 6V*'(0). equals 1 or 0.

PropositioN 10.  If 8 is a discrete substitution of length n, then A, € 9,.

ProoF. We have defined A, so that condition (1) in the definition of 9, is
satisfied and so it remains to check (2). Consider z = EX,zn' with z, € J for
0 =i = N. First suppose we can find iy, i, € I such that a, =0 and a;, = 1. Now
let {=z+i,n™" and ¢'=z+i;n™*". Then ¢+ Uy, CAs and '+ Un, C
Z(n)\ A or vice versa by b) of the above lemma. Since they are both subsets
of z + Uy, (2) holds. If we can not find i, and i, as above, then there exists j,E J
such that b,=0 and a,=1. Let i€ L In this case let { =z +i,n™"" and
{'=z+jon™""+i,n™*? and proceed as above.

Instead of using A, as a subscript for y, T, p, and X we will simply use 6.

We have been assuming that if A € @,, then 0 € J. We will temporarily drop
this assumption until we show that X, is the usual minimal set associated with
and that replacing A by A + v as in Lemma 2 so that 0 € J corresponds to a
simple rearrangement of 6.
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PrOPOSITION 11. The set p3'(0) is invariant under 0.

ProOF. Let z =S7,zn' and set nz +ri=m°+3,zn'*" where 0=<r=n.
Then for z € T, it is immediate that 8(xs(2)), = xe(nz + ri). Let z, be a
sequence in T, converging to 0 such that p3'(z,) converges to x € p5'(0). We
can assume that p,'(nz.) converges to y € p,'(0). Then for m € Z by choosing
a large we have 0(x)(m) = 0(x(k)), = 0(xe(z, + k1)), = x,(ri +nz, +nki)=
y(r + nk)=y(m) where m =nk +r and 0=r <n. Then 8(x) =y € p,'(0).

ProrosiTioN 12. If 8 is a discrete substitution of length n, then A, € F%..

Proor. Let z and z’ be elements of T, such that z; = z for i < N and such
that xo(z) = xe(z'). Let m € (an(z),bn(2)), w=2z+mi, w =z'+mi, and
w=2IN'wn' =3ZN'win’. Pick n and '’ bigger then N so that z, and 2z, €[
and set £ = 21"zi.nn’ and & = 275Nz wn'. Then xo(w) = V(6" 7*'(0),). and
xe(w')=8"(87 "V (0),). by Lemma 7 a). Note that ¢ and ¢’ do not depend
upon m, and it suffices to show that 8" ~*'(0), = 8" ~~"'(0),.. But this follows by
applying Lemma 7 b) to xs(z) = xe(z') i.e., m =0 and completes the proof.

Let x,y € p5'(0). Because A, € ¥¢, it follows that x# y if and only if
x(0) # y(0) or x(— 1) # y(—1). Suppose y = 8(x) and {z.} is a sequence in T,
such that p3'(z.)— x. Then from the proof of Proposition 11 we know that
p3'(nz.)—y. It is easy to see that there exist N >0 and «a €{0, 1} such that
OV *"(a)o = x(0) and 6N**a), = y(0) from which it follows that x(0) # y(0) if
and only if a,=1 and b,=0. By a similar analysis for —1 we get
x(—1)# y(— 1) if and only if a.., =1 and b,_, = 0. Therefore, 8 has no fixed
points in p3'(0) if and only if ap=1 and by=0 or a..,=1 and b,_,= 0.
Moreover, it follows that 8%(x) = x for all x in p3'(0). Thus X, is the usual
minimal set associated with 8 and p 3'(0) contains 1, 2, or 4 points according as
0,n—-1€,0€l or n—1€1 but not both,or 0, n —1E€J.

Suppose 0 € L. Let B = A, +{ where { =n —1+Zi.(n —2)n' and let ¢ be
the substitution given by ¢(0) = a,a,- - @.-1a0and ¢(1) = b;b, - - - b,_1be. Note
that ¢(a),-; = 8(a), for r >0 and 8(a)o= ¢(a).-1. Let z =Zlozn' withz € J
for i < N and zx € L. Then 6¥*'(0), = 1 if and only if z + Uy C A, if and only if
z+ ¢+ Uy CB if and only if z' + Uy CB where z’' =Z{lzin’, z{=2 —1 for
i< N, and z4= zx — 1 mod n. On the other hand, 8%*'(0), = 1 if and only if
éN*(0), =1, and it follows that B = A, and X, = X,. Thus we know how to
rearrange 6 without changing X, so that 0 € J.

It is obvious that replacing A by CI(Z(n)\ A) corresponds to replacing Xa
by its dual, and it is not hard to show that CI(Z(n)\ A,)=Z, where
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&(i), = 0(i), if and only if r € J. Hence by at most replacing X; by its dual we
can assume that 0€ J and a; = b, = 0 where i’ = min{i & J}. This is precisely
the normal form of a discrete substitution as defined by Coven and Keane [2, p.
100].

As a consequence of Theorem 2 and Proposition 12 we now have

THEOREM 4. If 6 is a discrete substitution of length n such that 0 and n —- 1
are not both in I, then (X, o) is a prime extension of (Z(n), 0.

ExampLE 3: Let 6(0)=0010 and 8(1)=1011, and let ¢(0)=0010 and
¢ (1) =1010. Then it is easy to check that A, = A, N(CH{Z(4)\ A,) + 1). Tt
follows that A, can be 1-constructed from A, and hence (X,, o) is a factor of
(X, o) [8, theor. 2.4]. Since these two minimal sets have very different proximal
structures, they can not be isomorphic.

The remainder of this section is devoted to the classification probiem. Coven
and Keane [2, p. 100] showed that two discrete substitutions of the same lenght
produce isomorphic minimal sets if and only if they have the same normal from.
We will first show that this result follows from Theorem 1, and then use
Theorem 3 to obtain a complete classification of substitution minimal sets on
two symbols.

LemMa 8. Let 8 and ¢ be discrete substitutions in normal form of length n.
If Jo = J, and if there exists N such that Uy N A, = Uy N A,, then 0 = ¢.

Proofr. Let i, be the smallest element in I, and consider z = i;n™*'. Then
2+ Uns1 CAq if and only if z + Uy, C A,. Hence 9V*%0), =1 if and only if
¢N**(0). = 1. Because a,=0= b, this reduces to 8"*'(0) =1 if and only if
é~"'(0) = 1, and it follows that 8V*'(a), = ¢"*'(a), by Lemma 7b). Replacing
io by any i in I we get 6V*'(8(0):)o = 8~ (¢(0);)o. Since 8V (a)o = ¢ (a)o is
a bijection of {0,1} to {0,1}, 6(0); = ¢(0).. Finally let j €J and repeat the
argument with z = = jn™*"'+i,;n™*2. This gives 8V*'(8(0),)o= ¢"*'($(0)))o
which implies 6(0); = ¢(0),. Therefore, 8 = ¢.

CoROLLARY. Let 8 and ¢ be discrete substitutions of length n. Then A, = A,
if and only 8 = ¢.

THEOREM 5. Let 8 and ¢ be discrete substitutions of length n. Then (X,, o)
and (X,, o) are isomorphic if and only if 6 and ¢ have the same normal form.

Proor. Suppose (X, o) and (X,, o) are isomorphic. Without loss of gener-
ality we can assume that 6 and ¢ are in normal form. By Theorem 1, J, = J,
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and A, and A, are semi-dual, and so there exists N such that either
UvNA,=UsN A, or Uv N Ay = Uy NCI(Z(n)\ A,). It is easy to see that
the latter can not hold because they are in normal form. Now we can apply
Lemma 8 and conclude that # = ¢ which completes the proof.

A substitution of length n is called continuous if 8(1) is the dual of 6(0), 8(0)
is not constant, and 6(0) is neither 0101--:0 or 1010---1 with n odd. A
continuous substitution is in normal form if 6(0) starts with a zero. If 8 is a
continuous substitution, then it is known that there exists a minimal set X, in
which contains exactly four sequences such that 6*x)=x and there are no
others. Moreover, X, is not almost automorphic.

THEOREM 6. Let 8 and ¢ be discrete or continuous substitutions in normal
form of length n and m respectively. Then (X,, o) and (X,, o) are isomorphic if
and only if there exist positive integers p and q such that n® = m® and ° = ¢°.

Proor. The *if” part is obvious. Suppose that (X, o) and (X,, o) are
isomorphic. We distinguish three cases — [J;|>1,|J,{ =1, and 6 is continuous.
For dynamical reasons ¢ must be in the same case as 6. Observe that the first
case is an immediate consequence of Theorems 3 and 5. The third case will
depend upon the second, and the second requires a careful analysis.

Assume that 6 is discrete and |J,| =1 and ¥ is an isomorphism of (X, o)
onto (X, o). It follows that ¢ is discrete, J, = {0} = J,. If there exist positive
integers p and g such that n? = m?¢, then by Theorem 5, 8" = ¢ because they
are both in normal form. Moreover, we can assume that 6(-)=-B and
¢(-)=-C when B and C are non-constant n —1 and m —1 blocks. So it
suffices to prove the following lemma:

LemMMma 9. Let 6(-)=-B and ¢(-)="-C when B and C are non-constant
n—1 and m — 1 blocks of O’s and Us. If (Xs, o) and (X,, ) are isomorphic,
then there exist positive integers p and q such that n® = m?,

Proor. Let ¥ be an isomorphism of (X,, o) onto (X,, o). Replacing ¥ by
o* - ¥ for a suitable k, we can assume that p,-¥ = ¢ -p, when ¢ is the
canonical isomorphism of (Z(n), i,) onto (Z(m),1.). Let B=b,---b,_, and
C=c," " Cu-r. For x €p3'(0) and k# 0 we have

) x(k) = xo(ki,) = by

where k' is the first non-zero coefficient in the n-adic expansion of k. A similar
formula holds for ¢. By Proposition 9 there exists a positive integer N such
that UxNy¢ '(A,) equals UvNA, or UsNCH(Z(n)\As). Since
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Cl(Z(n)\A)= A, when 6'(-)="- B’ and B’ is dual of B, and since X, is the
dual of X, we can assume that Uy N ¢ '(A,) = Uy N A, It follows that
W(x)(kn™)=x(kn"™)for x € p'(0) and k # 0. Notice that the lemma holds for 6
and ¢ if and only if it holds for ' and ¢’. Moreover, 8' and ¢' have the same
form as 8 and ¢ and thus (1) and its analogue for ¢ hold for 8’ and ¢'. We will
assume that p and g do not exist and by a succession of replacements of the
form 6° for 6 and ¢’ for ¢ derive a contradiction.

First replace 8 by 8"~ from which it follows that for x € p3'(0) and k# 0

W(x)kn) = x(kn).

Further replacements will not effect this equation.

It is easy to see that there exist positive integers i and j such that m‘ = dn’
where d is a positive integer and there exists a prime p which divides m and n
but not d. Our assumption that p and g do not exist guarantees that d# 1.
Replacing 4 by &' and ¢ by ¢' we have m = dn.

There exists an L >0 such that no element of X, containts a constant block
of length greater than or equal to L. Choose 8 so that p? > L. Without loss of
generality we can assume that p? divides n. Now choose y so that d” > n, and
replace ¢ by ¢*. Hence m =(d"n""")n is the new relationship between the
lengths of # and ¢. For simplicity let d = d” and then m = dn” when y =1,
p 4 d and d > n.

Fix an x in p3'(0). The goal of the last steps of the proof is to show that C
must contain a constant block of length greater than L. Since C appears in
¥(x), this will be contradiction. Let d = do+d,n+---+d,n" be the n-adic
expansion of d and note that d,# 0 because p does not divide d. Clearly
(n,d)=(n,d,) and hence n/(n,d;)> L. Now let I'={1,2,--- (n/(n,dy))— 1}
We want to compute ¢; for j €. First observe that

¢; = W(x)(jm) = ¥(x)jdn) = x(jdn”) = b;

where j' is the first non-zero coefficient in the n-adic expansion of jd. To
compute j' note that jd =jdo+j(din+---+d.,n*). If n|jd, then jd,=
knd,/(n, do) which implies that j& I'. Using [ - ] to denote the residue mod n, we
now have
€ = by

for all j inT.

Suppose 1 =i <n —d, So the n-adic expression for i +d is do+i+d,n +
+-+d,.n® Assume that m |in”; i.e., in” = km. It follows that i = kd > n which
is impossible. Thus m £ in” and
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big=x((I+d)n")=¥(x)in” +m)=¥(x)(in”)=x(in")=b. Now sup-
posethatn —d,<i<n Wecanwritei =n—k where 1 =k <djand [i + do] =
[n—k+d,)=ds— k. As above m ¥ kn and

bk =x((d—=k)n")=¥(x)m —kn*)=W(x—kn")=x(—kn")=b;
Combining these equations for b; we have
b = biisaq

provided that {# n — d,. It is easy to check that the first j such that [jdo] =
n —d, is n/(n,d,). Therefore, for j€T’

i = bijgy = ba,

which is the desired contradiction.

For the third case — 6 and ¢ discontinuous — we associate with them
discrete substitutions 8’ and ¢'. The exact formula for 8’ and ¢’ can be found
in [2, p. 101] and they are the type with | J| = 1. The important facts which are
easy to check are that X, is up to isomorphism the only non-equicontinuous
factor of X, and that 8 can be reconstructed from 8'. Thus X, and X, are
isomorphic and there exist integers p and g such that n” = m“. It follows that
97 and ¢ 7 produce isomorphic minimal sets and then (6°) and (¢?) have the
same normal form. From here one checks that 97 either equals ¢“ or its dual,
and since 8” and ¢? are in normal form, 87 must equal ¢

Theorem 6 together with Theorem § provides a finite process for determining
whether or not two substitutions produce isomorphic minimal sets. Let § and ¢
be two substitutions of length m and n. Without loss of generality we can
assume they are in normal form. First factor their lengths into primes. Unless
exactly the same primes appear in both n and m the minimal sets are not
isomorphic. For each prime appearing in n (and m) find the ratio of the number
of times it appears in n to the number of times it appears in m. Unless this ratio
is the same for all primes appearing in n the minimal sets are not isomorphic.
Assuming this ratio is constant, let p be the denominator and let g be the
numerator. Then n” = m*? and both 6° and ¢ are in normal form. Unless
6° = ¢° the minimal sets are not isomorphic by Theorem §.

ExameLe 4. Let n =4, let 6(0) = 0101 and 6(1) = 1001, let $(0) = 0001 and
d(1)=1101, and let A =(A, N Us) U(A, N1+ Uy). It is easy to check that
A € ¢, with J, = J, = J, = {0, 1}. Using the kind of argument in the proof of
Lemma 8, it can be shown that if (X,, ¢) is isomorphic to a substitution 7 in
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normal form, then 6% = ¢* for some p. Therefore, there are substitution-like
minimal sets which are not isomorphic to any substitution minimal set.
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